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Propagation of light in a J= 1/2-J = l/2 resonant medium 
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The propagation of light in a resonant medium with multiple sublevels depends on the populations of and coherences between 

theses sublevels. We analyze the case of a J= 1/2-J = l/2 transition with arbitrary ground-state polarization in the limit of a 

weak probe beam. It is found that transverse components of the ground-state orientation lead to a longitudinal component in the 

eigenpolarizations; a laser beam propagating through an optically pumped medium should therefore be displaced laterally. 

1 Introduction 

Polarized light propagation through a resonant 
medium induces in general not only optical polari- 
zations in the medium, but in the frequently en- 
countered case of multiple substates of the electronic 
ground state also population differences and coher- 
ence between the sublevels. These sublevel coher- 
ences give rise to many interesting magneto-optical 
and nonlinear optical effects; more recently they have 
been used in optical coolink experiments [ 11. The 
population differences and coherences induced in the 
atomic medium, on the other hand, also influence 
the optical properties of the medium. Since the effect 
occurs even for arbitrarily weak optical fields, which 
have a negligible effect on the system, it is possible 
to probe the sublevel dynamics by a weak laser beam, 
using polarization-selective detection of the trans- 
mitted beam [ 2 1. 

The creation of order among a manifold of sub- 
levels occurs usually by some variation of an optical 
pumping process. The basic requirements are that 
the absorption of photons from the laser field de- 
pends on the internal state of the atom and that the 
probabilities for stimulated absorption and sponta- 
neous emission are different. Apart from giving rise 
to sublevel coherence, the optical field also influ- 
ences their dynamics: absorption (i.e. optical pump- 
ing) leads to a loss of phase memory while dispersive 
effects lead to virtual level shifts via the so-called 
light-shift effect [ 3 1. All these processes can in prin- 
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ciple be observed via an optical probe beam and in- 
deed have been [ 41. 

Several theoretical analyses exist [ 51 for the case 
of axial symmetry, taking ground-state polarization 
parallel to the direction of propagation of the laser 
beam into account. If we quantize the atomic system 
along this axis, the longitudinal ground-state polar- 
ization corresponds to a population difference be- 
tween the ground state sublevels. If the cylindrical 
symmetry is broken, e.g. by a magnetic field perpen- 
dicular to the laser beam, or by the presence of mul- 
tiple beams, the ground state polarization is in gen- 
eral not parallel to the laser beam, and the influence 
of transverse components must also be taken into ac- 
count. This article gives a detailed analysis of the 
propagation of light of arbitrary polarization in a 
resonant medium with a J= 112-J = l/2 electronic 
transition and arbitrary ground state polarization. 

2. Anisotropic optical susceptibility 

The atomic model system used for the calculation 
is represented schematically in fig. 1: the atom is as- 
sumed to interact with the radiation field only by two 
sets of eigenstates of the free-atom hamiltonian which 
are separated roughly by the optical photon energy. 
The ground state and the electronically excited state 
are both J= l/2 states; important practical examples 
for such transitions are the DI resonance lines of al- 
kali atoms. For this figure, the quantization axis is 
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Fig. I. Schematic representation of the atomic level system inter- 

acting with the optical field. Ground- and excited state are both 

assumed to have an angular momentum J=k/2. The quantiza- 

tion axis is chosen parallel to the k-vector of the travelling wave. 

The transitions labelled ran interact with circularly polarized light 

while the transitions labelled “z” couple to the longitudinal modes. 

chosen parallel to the k-vector of the travelling wave. 
The transitions labelled rr* correspond to the inter- 
action with circularly polarized light while the tran- 
sitions labelled “z” couple to the longitudinal modes 
of the field. 

We are interested in the case where only the ground 
state is populated and a weak electromagnetic wave 
with a frequency near the resonance frequency of the 
optical transition travels through the medium. The 
experiments that we have in mind are pump and 
probe experiments where the medium is polarized 
by a strong pump beam and a weak probe beam is 
used to observe the resulting dynamics of the co- 
herences between the different ground state sublev- 
els [ 21. The intensity of the probe beam is then cho- 
sen such that it does not significantly affect the 
sublevel dynamics. 

In the absence of the optical proble beam, the sys- 
tem can be described by three real parameters. A 
convenient choice of these parameters is to make 
them proportional to the Cartesian component of the 
ground state magnetization: 1 

Mm.,, m,,, m,) 

= (A2 +Pzl> -i(~~2-~21L~22-h1)~ (1) 

wherep, represent the density operator elements and 
the substates are labelled as shown in fig. 1. The den- 
sity operator components are then 
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p12=p;, =(m,+im,,)/2. (2) 

With the quantization axis parallel to the k-vector 
of the field, m, represents therefore a ground-state 
polarization parallel to the direction of propagation, 
while m, and my are the orthogonal components. The 
hamiltonian includes only the interaction between 
the atom and the applied laser field. With the con- 
ventional choice of phases for the individual states 
[ 61, the matrix representation of the electric dipole 
moment operator is 

where ,u~ represents the reduced electric dipole mo- 
ment. The atom interacts with a time-harmonic field 
of arbitrary direction, E= {E,, E_“, Ez}. The elements 
of the hamiltonian in the rotating wave approxi- 
mation are then 

with /3* = ,ur (E,L iE,,), /IO= ,uLEEz, and 6 represents 
the detuning of the optical frequency w above the 
atomic resonance frequency wO. We calculate now 
the derivative of the equilibrium density operator as 

b= -i[H,b] (5) 

which evaluates to 

d,3=(i/2)[8-m+-~~Bo(l-m,)], 

A4 = (i/2) [P+ ( 1 -m) +P0m+ I , 

~23=(i/2)[P-((++ml)-P,m-l, 

P24=(i/2)[P+m-+P,(l+m,)l, (6) 

where m, = m,k im,. Only the optical coherences are 
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affected in this approximation, while the derivatives 
of the populations and the Zeeman coherences van- 
ish. The main effect of the population difference m, 
is an apparent change of the number of atoms. As is 
well known [ 5 1, this leads to circular dichroism and 

circular birefringence for a wave propagating parallel 
to the quantization axis. The main effect of the sub- 
level coherence m *, which is omitted in most treat- 
ments, is a coupling between the different field 
modes: in the presence of sublevel coherences, the 
transverse field components E,, Ey induce polari- 
zation not only in the a-transitions l-4 and 2-3, 
but also in the n-transitions l-+3 and 2-4, while the 
z-component of the field also couples to the CJ- 
transitions. 

In order to calculate the steady-state polarization, 
we have to include also the effects of relaxation and 
the detuning of the laser frequency from optical res- 
onance. Within the approximations made, all four 
optical coherences are affected in the same way by 
these effects: 

d, = ( f id-OpjJ , (7) 

where 6 represents the resonance detuning and r the 
optical dephasing rate; the plus-sign applies above 
the diagonal, the minus-sign below. To first order in 
the optical field, the coherences evolve then towards 
the steady-state values 

P L~oo=(1/2)[P+(1-m,)+Pom+lg(6), 

~~3~=(1/2)[P-(~++~)-POm-lg(~), 

p2400=(1/2)[P+m-+P0(1+m,)lg(6), (8) 

where g( 6) represents the lineshape function 

g(S)= (-S+ir)/(d*+r*) . (9) 

In Cartesian coordinates, the optical polarization per 
atom is therefore 

P=Tr(p,p,)=EOXO(B)E+iCOXO(S)mxE, (10) 

where x0(6) = 2,&g( 6) /co represents the suscepti- 
bility of the unpolarized medium (m = 0). The effect 
of the sublevel polarization m, represented by the last 
term in eq. ( 10) is therefore a rotation of the optical 
polarization with respect to the electric field. In ten- 

sor notation, the optical susc;ptibility is then P= 
G,X( 6)E with 

i 

1 -im, im, 

x(&=x0(@ im, 1 -im, . 

1 
(11) 

-im, im, 1 

3. Eigenpolarizations of plane waves 

Using this susceptibility tensor, we may now solve 
Maxwell’s equations for the propagation of electro- 
magnetic waves in the anisotropic medium. We look 
for harmonic plane-wave solutions with the wave- 
vector parallel to the z-direction 

E=Re[{&, E,, E,} exp[i(~t-kz)ll , 

H=Re[{K, ffy, Hz) ew[i(wf-kz)l I , 

D=E,,(I+x).E, B=hH, (12) 

where we have assumed that the magnetic properties 
of the medium can be neglected (P = 1) . Starting from 
the “curl’‘-Maxwell equations 

PxH=;D, WE=-;B, 

we eliminate the magnetic field 

(;)=$(-“) 

(13) 

(14) 

to get the following equation for the electric field 
amplitudes: 

=I?( 1 +x0) -i&%m . 

This equation has two independent solutions 

(15) 
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(16) 

where E. represents the (arbitrary) amplitude. The 
constant r, is defined as 

rl= 
[ 

(1 +xo)2+x; ( m~;yZ)211/1 , 
(17) 

and the wavevectors corresponding to the eigenpo- 
larizations are 

2 
kf= T O[ x0 1+x0+ - 

1 +x0 
+ mzrl -x0 

m:+ms >I 2 . 
(18) 

In the typical case of a low-density atomic gas 
where x0<< 1, these formulas can be simplified con- 
siderably by neglecting terms of order > 1 in x0: 

EX 0 ( 
1 

J?” z i( & l-xom2,/2m,) , 
E= 2 *xOmk ) 

(19) 

or 

where the overall amplitude differs by a fraction of 
order x0. Both forms are equivalent; which form is 
used depends on the particular problem at hand. 

4. Discussion 

In the case of cylindrical symmetry, i.e. mi =O, 
the above formulas reduce to the earlier results [ 5 1, 
where the eigenpolarizations are circular and the in- 
dex of refraction depends linearly on the population 
difference m, of the ground state sublevels. If the 
medium is not cylindrically symmetric (m i # 0)) the 
polarizations become slightly elliptical and the lon- 
gitudinal component E, becomes nonzero; both ef- 
fects scale with x0 and the transverse magnetization 

component m + . The Poynting-vector is then no 
longer parallel to the k-vector and a laser beam prop- 
agation through such a medium is laterally displaced. 

For a brief investigation of the size of this effect 
and the possibility to observe the associated beam 
displacement, we calculate the Poynting vector in the 
linear regime as 

+E,,=$ 

The direction of propagation deviates therefore 

(20) 

from the z-axis by an angle of the order of ,yom,, i.e. 
proportional to the atomic density, the transition 
strength and the transverse ground-state orientation. 
A laser beam propagating through a completely po- 
larized medium of length 1 would therefore be dis- 
placed by an amount of the order of x01. Since the 
beam is attenuated in the medium by 
xexp [ - Im(xo)l/A], a measurement of the beam 
displacement requires Im(x,) -n/l so that the ob- 
servable beam displacement d is limited to d< 

(UWWxo)lIm(xo)l. 
In summary, we have shown that the propagation 

of light in a resonant medium can be strongly af- 
fected by the order present among the sublevels of 
the atomic ground state, even for arbitrarily weak 
light. In the practically important case of a J= l/2 
++J’ = l/2 atomic transition and arbitrary ground 
state polarization, analytical solutions of the Max- 
well equations have been obtained in the limit of low 
irradiation. The analysis does not assume axial sym- 
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metry and is therefore of special interest in cases 
where this symmetry is broken, e.g. by the presence 
of transverse magnetic fields [ 1,4], multiple laser 
beams [ I] or broken symmetry of the medium itself, 
e.g. by the presence of a dielectric interface [ 71. In 

these cases, the analysis sheds some light on the dy- 
namics of the atomic system coupled to the resonant 

light field and shows how an optical probe beam can 
be used to monitor them. 
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