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Effective quantum-information processing requires coherent control of large numbers of qubits on a time
scale that is short compared to the decoherence time of the system. It is therefore important to extrapolate and
measure decoherence times for large quantum registers and to determine the effect of different couplings
between system and environment on the decoherence rate. For this purpose, we have experimentally realized
a system that allows one to generate model quantum registers with more than 100 qubits and measure the decay
of the information in these states while adjusting the strength of the interaction between the quantum register
and the environment. Our results indicate a power-law dependence of the decoherence rate on the number of
qubits in the system, with an exponent of the order of 0.5. This behavior remains qualitatively unchanged when
the coupling strength to the environment is reduced by about an order of magnitude.
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I. INTRODUCTION

Some computational problems are not efficiently solvable
on classical computers, i.e., the computational time �or re-
sources� grow exponentially with the size of the system �1�.
Quantum computers use a different computational model and
are therefore not subject to the same limitations. For some
problems that are computationally hard on classical comput-
ers, it has been shown that quantum algorithms provide effi-
cient solutions �2–4�. For most of these problems, a quantum
computer that is able to implement these algorithms will
have to consist of several hundreds to several thousands of
qubits.

One of the main difficulties for realizing large-scale
quantum-information processing is that the quantum infor-
mation is much more fragile than classical information: The
interaction with the environment entangles the quantum in-
formation with other degrees of freedom and therefore leads
to a decay of the quantum information. This process is com-
monly referred to as decoherence. While decoherence has
been characterized for small systems, it was unclear how it
will affect quantum registers with a large number of qubits.

A number of schemes have been proposed for the design
of scalable quantum-information processors �5–13�, and
some of these systems have been implemented with a small
number of qubits �14–17�. However, to date no such imple-
mentation provides a large enough number of qubits that an
extrapolation of decoherence rates would be possible. But
decoherence rates can be measured in quantum mechanical
systems that do not fulfill all the requirements for quantum-
information processing �18�. Using nuclear spins in solids, it
is possible to generate model quantum registers whose deco-
herence can be measured as a function of the register size up
to several thousand qubits �19,20�. In this work, it was found
that the decoherence rate increases roughly with the square
root of the number of qubits.

Since imperfect gate operations and decoherence cannot
be completely avoided, quantum error correction techniques
have been developed �21�. To achieve reliable quantum-
information processing with the help of these techniques, the
failure probability of the quantum gates has to be smaller

than a certain threshold �4�. If the decoherence in a system is
too fast, a direct application of error correction schemes will
not suffice. In such cases, the decoherence process due to the
interaction with the environment can be reduced by introduc-
ing an additional time dependence on the quantum system
�22,23�. In small systems such techniques are well known
�24–31�. Recently we have shown that these techniques can
also be used to decouple large quantum registers from their
environment �20,32�.

In these earlier experiments, the environment causing the
decoherence was represented by the same spins that also
formed the model quantum registers. It was therefore diffi-
cult to distinguish between system and environment.

To be able to manipulate the environment and its interac-
tion with the quantum register without also affecting the qu-
bits, we have implemented a different system. For this pur-
pose, we use a system consisting of two different spin
species, which we can address independently by resonant
radio frequency fields. As indicated in Fig. 1 one nuclear
spin species �the S spins� is used to implement the model
quantum registers. The other species �the I spins� is respon-
sible for the main perturbation that causes decoherence of the
S spins. In the following, we will refer to these spins as the
environment. This interaction can be controlled without ma-
nipulating the quantum register directly. Further we can vary
the environment-qubit interaction strength between the natu-
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FIG. 1. Graphic illustration of a quantum register consisting of
correlated spins �S�, interacting with a different spin species �I� that
represents the environment.
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ral and a minimum level to examine the effect of the inter-
action on the scaling of the decoherence rates.

The main part of the paper is structured as follows. In
Sec. II we discuss the relevant interactions in our system, the
experimental scheme, and the creation of the model quantum
registers. Section III deals with the decoherence measure-
ments. It contains the method used for the decoherence mea-
surements and the experimental results. In Sec. IV we sum-
marize and discuss the results.

II. SYSTEM AND ENVIRONMENT

A. Qubits and interactions

We consider a system consisting of two different nuclear
spin species. The S spins represent the qubits of the quantum
register �see Fig. 1�, while the I spins form the environment.
The spins interact exclusively through the magnetic dipole-
dipole coupling. The truncated Hamiltonian �with respect to
the Zeeman interaction� of the full system and the environ-
ment is therefore �33�

H = HSS + HSI + HII. �1�

Among the qubits of the quantum register, which are iden-
tical spins, the relevant interaction Hamiltonian HSS is the
homonuclear dipole-dipole coupling

HSS = �
i,j

dij
SS

2
�2Sz

iSz
j −

S+
i S−

j + S−
i S+

j

2
� , �2�

where dij
SS are the coupling constants �which depend on dis-

tance as rij
−3�, Sz

i are the z components of the Si spin operators
and S±

i =Sx
i ± iSy

i are the corresponding raising and lowering
operators. The homonuclear coupling Hamiltonian HII for
the I spins has the same form.

The system-environment interaction in this system is
given by the heteronuclear dipolar coupling

HIS = �
i,j

dij
ISIz

iSz
j . �3�

In the system that we consider, the heteronuclear couplings
represent the dominant interaction for the S spins.

The coupling with the environment can be made time de-
pendent in a way that the average interaction vanishes. In the
case of “bang-bang” decoupling, this is achieved by fast ro-
tations applied to the qubits. In this system, we have the
possibility of controlling not only the qubits, but also the
environment: We apply a resonant radio frequency �rf� field
to the I spins, which drives a rotation of the I spins and
thereby continuously inverts the Iz term in Eq. �3� �26,34�. If
the field is strong enough the rotation of the I spins becomes
fast enough to average their effect on the S spin quantum
register to zero. For the creation and description of the model
quantum register that we describe in the following, we as-
sume that this limiting case is reached and therefore omit the
heteronuclear term in the Hamiltonian.

The eigenstates of HSS can be classified by the total mag-
netic quantum number mt of the total spin operator Sz,

mt = �
i

mi, Sz = �
i

Sz
i , �4�

where mi is the eigenvalue of Sz
i . In strongly dipolar coupled

spin systems the eigenfunctions �r	 of HSS are eigenstates of
Sz:

Sz�r	 = mt
r�r	 . �5�

The elements of the density operator �S describing the sys-
tem can therefore be labeled by the difference

M ª mt
r − mt

s �6�

of the total magnetic quantum number between the con-
nected states �r	 and �s	, which is the coherence order M.

B. Quantum register

The S spin system is initially in thermal equilibrium and
can be described by the high-temperature density operator

�S,eq =
1

2N�1 +
��SB0

kBT
�
i=1

N

Sz
i� = ��0� , �7�

where N is the total number of S spins, �S their gyromagnetic
ratio, B0 the static magnetic field, and T the temperature.
Each of the density operator terms depends only on a single
spin; the different qubits are therefore uncorrelated.

To create correlations between the qubits, we use a mul-
tiple pulse sequence �see Fig. 2�b��, which converts the
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FIG. 2. �a� Experimental scheme: The upper part of the pulse
sequence is applied to the quantum register spins whereas the lower
one is used to decouple the S spins from the I spins. The effective
Hamiltonians Hcorr and Hconv are generated by a multiple pulse
sequence that is repeated N times. The corresponding basic se-
quence of qubit rotations generating Hcorr is shown in part �b�; here
� indicates a � /2 rotation around the x axis. The Hamiltonian
Hconv converts the quantum information remaining after the interval
t1 into detectable magnetization. During the decay period t1, we
control the strength of the interaction between qubits and environ-
ment by varying the strength of the decoupling field between zero
and full decoupling.
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homonuclear dipolar couplings HSS to a suitable average
Hamiltonian �35–37�

Hcorr = −
1

4�
i,j

dij
SS�S+

i S+
j + S−

i S−
j � . �8�

To make sure that Hcorr is the only relevant interaction,
we have to eliminate the �heteronuclear� interaction HIS with
the environment. In the limit of short cycle times tc, the pulse
sequence of Fig. 2 satisfies this requirement �38,39�. But, in
practice, we find it advantageous to use longer cycle times
and therefore have to irradiate the I spins with a continuous
rf field �26,34�, which is sufficiently strong to ensure the
limit of full decoupling.

As was shown in Ref. �35�, the evolution under the influ-
ence of Hcorr converts the initially independent spins to clus-
ters of coupled spins, which serve as model quantum regis-
ters. The high order terms of the density operator series
expansion,

���� = e−iHcorr���0�eiHcorr� 
 ��0� + i����0�,Hcorr�

+
i2�2

2!
†���0�,Hcorr�,Hcorr‡ + ¯ ,

�9�

of Eq. �9� contain terms that consist of products of many
coupled spins. With increasing pump duration � the contri-
bution from terms with many spins increases. By choosing
the number N of repetitions of the correlating multiple pulse
sequence, one can vary the total duration �=Ntc and there-
fore the size of the resulting model quantum registers.

To detect the state of the quantum register after the decay
period t1 �see Fig. 2�, one has to reconvert the excited mul-
tispin coherences into observable single spin coherences.
This is achieved by letting the qubit system evolve under the
effective Hamiltonian Hconv=−Hcorr for the same time �
�35,40�. Due to the simple behavior of Hcorr under rotations
around the z axis

e−i��/2�SzHcorre
i��/2�Sz = − Hcorr = Hconv, �10�

the pulse sequence that generates Hconv is the same as for
Hcorr except that the phases of all pulses are shifted by � /2.
At the end of the reconversion the information about the
state of the quantum register is stored as longitudinal mag-
netization. The readout is then accomplished by applying a
� /2-rotation pulse and measuring the amplitude of the re-
sulting free induction decay �FID�.

C. Measuring the cluster size

To measure the size of the quantum registers, we use a
method developed by Baum et al. �35�. To apply this tech-
nique, one needs to measure the amplitudes of all excited
coherence orders M separately that contribute to the mea-
sured signal:

� = �
M

�M . �11�

In the following, we first determine the size of the clusters
that are generated by the pumping process by performing this
analysis for vanishing decay time, t1=0.

Adding a phase � to all pulses of the pumping sequence
generating Hcorr results in a rotation of the density operator
by � around the z axis. The density operator �M then gains
the phase factor eiM�:

���,�� = e−i�Sz����ei�Sz = �
M

eiM��M��� . �12�

After reconversion with the help of Hconv, as described in
Sec. II B,

��� + �,�� = e−iHconv����,��eiHconv�, �13�

the longitudinal magnetization and therefore the signal be-
comes

S�� + �,�� = Tr��������,��� = �
M

SMeiM�. �14�

The dependence on the rf pulse phase � allows us to
separate the signal into components arising from the coher-
ence order M. For this purpose, we record a series of experi-
ments with different values of �. The resulting data set is
Fourier-transformed with respect to � �41,42�. The inset in
Fig. 3 shows a typical resulting multiple quantum spectrum.
The multiple quantum spectrum shows that, due to the bilin-
ear raising and lowering operators, Hcorr only excites even
order coherences �35,37�.

The statistical model of Ref. �35� assumes that, within the
cluster that is generated, all allowed coherence orders are
excited with the same probability during the pumping time �.
Under these assumptions the signal amplitudes in the mul-
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FIG. 3. Average spin cluster size K̄ measured for different
pumping times �. The points represent measured spin cluster sizes
with N ranging from 0 to 30 cycles of the basic pulse sequence �see
Fig. 2� with tc=259.872 �s, measured without a decay period �t1

=0�. The solid line serves as a guide to the eye. The inset shows a
typical multiple quantum spectrum �for N=20� with a Gaussian fit
to obtain the cluster size. The graph comprises the results of several
series of measurements.
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tiple quantum spectrum are a direct measure for the number
of the density operator elements with the coherence order M.
The number n of possible M-quantum elements in a density
operator that describes a system of K coupled spins-1

2 is
given by the binomial distribution �43�

n�K,M� =
�2K�!

�K + M�!�K − M�!
, �15�

which approximates to the Gaussian

n�K,M� 
 22K�K��−1/2 exp�−
M2

K
� �16�

for sufficiently large K. The full width at half height
�FWHH� of this distribution is 	=2�ln 2K. By fitting a
Gaussian to the measured multiple quantum spectra we get

the average number of coupled qubits K̄ that form the model
quantum register.

Figure 3 shows the dependence of the average cluster size

K̄ on the pumping time � for a powdered sample of solid
potassium hexafluorophosphate �KPF6�. Here the 31P nuclei
represent the qubit system �S spins� and the environment
consists of the 19F nuclei �I spins�. The rise of the 31P cluster

size K̄ in KPF6 indicates a long-range dipolar coupled spin
network typical for spin systems in solids �35�. The maxi-
mum cluster size of approximately 155 coupled spins
reached with 8 ms of pumping time agrees with the expected
values �38� for the given homonuclear dipolar coupling
strengths between the 31P nuclei in KPF6 �see Sec. III B for
experimental values�.

The measurements were performed on a homebuilt solid-
state NMR spectrometer with a proton resonance frequency
of 300 MHz. Therefore, the resonance frequencies were
121.4 MHz for 31P and 282.3 MHz for the 19F nuclei. All
measurements were performed at ambient temperature. The
tuning of the homebuilt NMR double resonance probe was
optimized with suitable tune-up pulse sequences �44–46� for
best response to the multiple pulse sequences applied to 31P.
For the tune-up we used a dichlorobis�triethylphosphine�
palladium�II� (��C2H5�3P�2PdCl2) sample of a size similar to
the KPF6 sample.

III. DECOHERENCE MEASUREMENTS

After the creation of the model quantum registers during
the correlation period, it is possible to observe the loss of
coherence by varying the decay time t1 and measuring the
signal amplitude left after the reconversion �see Fig. 2�. The
resulting signal

S�� + t1 + �� = Tr�������� + t1�� = f��,t1� �17�

describes the decay of the information in the quantum regis-
ter. For each measurement, the pumping time �, which deter-

mines the quantum register size K̄, was kept fixed.
Figure 4 shows the average signal decay for some typical

quantum register sizes K̄ in KPF6, under the influence of the
unmodified Hamiltonian H, in comparison with the FID of

the uncorrelated system. The data shows that large quantum
registers lose stored information more rapidly than smaller
ones, in agreement with the general expectation and our pre-
vious results obtained in a different system �19,20,32�.

The solid lines represent Gaussian fits, which agree well
with the observed shape of the decays and therefore will be
used to quantify the decay rates. A theoretical approach to
describe the shape of the decay more precisely for long de-
cay times t1, utilizing the effect of a partially correlated en-
vironment, can be found in �47�.

A. Scaling of decoherence

To quantify the loss of coherence in different quantum
register sizes we define a decoherence rate R as the inverse
of the time t11/e

for which the signal of Eq. �17� falls to 1/e
of the initial value: f�� , t11/e

�= f�� , t1=0� /e. As mentioned
above, we approximate f�� , t1� by a Gaussian.

Figure 5 shows how the decoherence rates change with
the size of the quantum register in KPF6. The scaling ap-
proximates to a power function with exponent 0.56 and
therefore qualitatively shows the same behavior as the results
from Refs. �19,20,32� for a different physical system.

B. Dependence on coupling strength with environment

We now examine the effect of the strength of the coupling
to the bath on the scaling of the decoherence rates. For this
purpose, we apply decoupler fields of variable strength to the
environmental spins I, which are here represented by 19F
nuclei. To achieve a full decoupling of the system from the
environment, a decoupler field strength that exceeds the
strength of the heteronuclear �31P-19F� couplings as well as
that of the homonuclear �19F-19F� couplings is necessary. In
our system we observe line broadenings �without decou-
pling� of approximate 3.3 kHz �FWHH� for the 31P spectra
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FIG. 4. The data sets show some decays for different quantum

register sizes K̄ starting from the FID and therefore uncorrelated
qubits up to registers consisting of 155 qubits. Except for the FID
the solid lines represent fits of the data to a Gaussian. All data sets
have been normalized to their amplitudes at t1=0. The coupling to
the environment during t1 was not averaged.
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and 11.9 kHz �FWHH� for the 19F spectra due to the hetero-
and homonuclear couplings mentioned in Sec. II. To exceed
these values, we use maximum decoupler fields of up to
B1

max=93 kHz �2� /�I� �the constant factor will be omitted in
the following�.

Before discussing the effect of the decoupling on the
highly correlated spin system, we show, as a reference, the
effect of decoupling on the uncorrelated 31P spins �see Fig.
6�. Because the linewidth of the 31P spectrum is about
3.3 kHz without decoupling, comparable fields applied to the
19F nuclei can at least partially average the heteronuclear
couplings �34�. Figure 6 shows that decoupling fields greater
than approximately 7 kHz �in frequency units� are sufficient
to average the 19F-31P couplings to zero. Experimental evi-
dence and literature data �48,49� indicate that the dominant
contribution to the remaining linewidth of 0.9 kHz �FWHH�
of the 31P spectrum is the dipole-dipole interaction between
31P nuclear spins, which is not affected by the heteronuclear

decoupling. In the regime of intermediate decoupling
strength, the individual decay curves are no longer Gauss-
ians. In this regime, the effective Hamiltonian that describes
the interaction between system and bath in the presence of
the decoupling field is time dependent, thus creating a more
complicated decay function �34�.

To examine the effect of decoupling on the decoherence
of the quantum registers we now apply the decoupling field
on the 19F spins during the decay period t1 of the experiment
discussed above �see Fig. 2�. The decoupling field strength
during the correlation and reconversion was set to the maxi-
mal value of about 93 kHz. During t1, we varied the decou-
pling field strength between 0 kHz and 93 kHz, which cor-
responds to a variation of the environment-qubit interaction
between the maximum and essentially vanishing strength.
Like in the case of individual spins, we found that the indi-
vidual decay curves can be well approximated with Gauss-
ians, but in the regime of intermediate decoupling, the time
dependence becomes more complicated, with a small oscil-
latory component �whose frequency corresponds to the field
strength of the decoupling field�. Therefore, we determined
the decay times from the integral of the decay curves.

Figure 7 shows the scaling behavior of the decoherence
rates R as a function of the register size K̄ for different de-
grees of decoupling from the environment. For the cases of
free evolution and a fully decoupled environment �the black
lines and points�, the data can be fitted quite well with a
power law, R
 K̄p. The fitted exponents �p=0.54±0.01 for
no decoupling and p=0.48±0.01 for the strongest decou-
pling field� indicate that the full decoupling is even more
effective for larger spin clusters. The same behavior was also
observed in the homonuclear system of Refs. �20,32�, where
only the cases of full and essentially no coupling between
system and environment could be investigated.

In the intermediate range of decoupling strengths that we

can observe in our system, the scaling of the rates R with K̄
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shows a different behavior. The data does not fit anymore to
the simple empirical power law, as can be seen in Fig. 7. For
example, the decoherence rates for large registers show
higher values than would be expected from a simple power-
law dependence. To emphasize this, the inset of Fig. 7 shows
a double-logarithmic plot, where the data points belonging to
an intermediate decoupling field strength have been con-
nected with a spline curve. The black lines in the inset show
the straight lines resulting from the power-function fits of the
extreme cases of zero and maximum decoupling field
strength. In contrast to the extreme cases, the decay rates in
the intermediate decoupling range cannot be connected by
straight lines. This is not too surprising, since in this regime
not only the strength of the interaction between system and
environment is changing, but also the correlation times of the
interaction. This different behavior is also evident in the in-
dividual decay curves, as discussed earlier in this section.

Figure 8 shows the same data as a function of the decou-
pling field strength for fixed quantum register sizes. For suf-
ficiently high decoupler fields, the decay rate R for each reg-

ister size K̄ reaches a limiting value. Further it indicates that
the decoherence rates of small quantum registers reach this
plateau faster than those of the large registers. Furthermore,
the increase of the decoherence rates for the large quantum
registers is steeper and starts at higher decoupling field
strengths. Qualitatively this is the same behavior as for the
single spin case, where a certain threshold for the decoupling
field has to be reached from which the system seems to be
fully decoupled. The more rapid increase of the decoherence
rates and the observation that this raising starts at higher
decoupling fields indicates a higher threshold for large quan-
tum registers.

Figure 7 also contains this information. The difference of
the decoherence rates for full and vanishing decoupling
strength remain mostly the same comparing different quan-
tum register sizes. In contrast, the difference of the R values
for zero and an intermediate decoupling strength �e.g., the
lower black points and the green points� change from one

register size to the other. The rates increase more rapidly for
a lower degree of decoupling until they ultimately reach the
limiting values for no decoupling. This maximum level of R
is reached faster for large quantum registers, when the de-
coupling decreases �compare the upper black curve and the
red points�. Therefore, the scaling behavior observed in the
intermediate regime of decoupling indicates that the thresh-
old is significantly higher for larger spin clusters. Once this
threshold is exceeded �for the largest observed or created
register�, the overall scaling seems to approximate the previ-
ously observed power law scaling.

The described behavior could also be observed in a dif-
ferent chemical system. We have performed similar experi-
ments in 13C-labeled glycine �H2N*CH2COOH�. Here the
quantum register was created within the 13C spin system. In
this system, the couplings between the qubits are weaker
than in the previously discussed system, whereas the cou-
pling to the controllable environment, the 1H spins, is stron-
ger. Because of the lower symmetry in this system, the
chemical shielding anisotropy does not vanish. We therefore
had to use a modified pulse sequence �50� during the corre-
lation and reconversion period to eliminate this unwanted
interaction.

The weak homonuclear dipolar couplings and the less ef-
ficient correlating pulse sequence inhibit the creation of large
model quantum registers in this system. The maximum reg-

ister size obtained in our experiments was about K̄=7. Figure
9 shows the decoherence rates R of the 13C-quantum regis-
ters of glycine as a function of the decoupling field strength
that was applied to the 1H environment. Even though we did
not reach similar quantum register sizes within glycine we
see qualitatively the same behavior as in KPF6.

IV. DISCUSSION AND CONCLUSION

For the measurements of decoherence rates in quantum
registers of different sizes, we have used highly correlated
spin states in a system of two different spin species in two
different physical systems. One of these spins served as a
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FIG. 9. �Color online� Shows the same plots as Fig. 8 but with
13C data obtained from labeled glycine �H2N*CH2COOH�.
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model for the quantum register, while the second species,
which we can control independently, represents the environ-
ment causing the decoherence of the quantum information.
This allowed us to study the decoherence in systems of up to
150 qubits as a function of the system size as well as a
function of the strength of the coupling to the environment.

Our system does not allow us to measure individual de-
coherence rates of specific elements or states of the quantum
register. Instead, we measure an average decay correspond-
ing to the autocorrelation function of the initial quantum
state. Such an average decoherence rate is the relevant quan-
tity for the discussion of the loss of information in large-
scale quantum computers: During the execution of a quan-
tum algorithm, the information is repeatedly redistributed
over the whole Hilbert space of the quantum register and
therefore decays with an averaged rate determined by all the
individual rates as well as by the quantum algorithm.

Our experimental results show that the decoherence rate
increases roughly with the square root of the number of qu-
bits, in good agreement with earlier measurements
�19,20,32�. The modulation scheme that we imposed on the
environment proved effective for reducing the decay rate for
all system sizes. This result, which verifies earlier measure-
ments in different systems, indicates that the prospects for
large scale quantum computers may be better than expected.

If the perturbations that influence the different qubits are
uncorrelated one would generally expect a linear scaling of
the decoherence �51,52�. Thus the less-than-linear scaling of
the decoherence rates indicates that the perturbations here are

correlated. This is certainly a consequence of the finite range
of the interactions that cause the decoherence. Reference
�47� provides a theoretical approach which utilizes correlated
perturbations to describe the shape of the decay curves like
that shown in Fig. 4 and further provides the power-law scal-
ing of the decoherence rates.

The data for KPF6 and glycine �see Figs. 8 and 9� indicate
that effective decoupling becomes possible only when the
strength of the decoupling field exceeds a certain threshold,
which increases with the quantum register size. This may
indicate that the degree of decoupling that can be realized in
a physical system will limit the practical size of the quantum
register.

The heteronuclear system used in this study allows also
the investigation of another aspect: While the environmental
degrees of freedom were strongly coupled in these experi-
ments �by HII�, it would be possible to eliminate this cou-
pling by a modified decoupling scheme using off-resonant
irradiation �53,54�. In this way, it would become possible to
study the effect of the correlation time in the environment on
the decoherence in the quantum register. This effect could be
studied independently of the dependence on the strength of
the coupling.
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