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a b s t r a c t
Alterations of the blood ﬂow are associated with various cardiovascular diseases. Precise knowledge of
the velocity distribution is therefore important for understanding these diseases and predicting the effect
of different medical intervention schemes. The goal of this work is to estimate the precision with which
the velocity ﬁeld can be measured and predicted by studying two simple model geometries with NMR
micro imaging and computational ﬂuid dynamics. For these initial experiments, we use water as an ideal
test medium. The phantoms consist of tubes simulating a straight blood vessel and a step between two
tubes of different diameters, which can be seen as a minimal model of the situation behind a stenosis. For
both models, we compare the experimental data with the numerical prediction, using the experimental
boundary conditions. For the simpler model, we also compare the data to the analytical solution. As an
additional validation, we determine the divergence of the velocity ﬁeld and verify that it vanishes within
the experimental uncertainties. We discuss the resulting precision of the simulation and the outlook for
extending this approach to the analysis of speciﬁc cases of arteriovascular problems.
Ó 2013 Elsevier Inc. All rights reserved.

1. Introduction
Phase contrast magnetic resonance imaging (PC-MRI) was
developed in the early 1980s by [1] and is now an established noninvasive method for measuring ﬂuid ﬂow in vivo as well as in vitro
[2,3]. The technique is used in technical and medical applications
where noninvasiveness as well as high spatial resolution is required [4–6]. Many technical developments, including higher magnetic ﬁelds and gradient strengths, have improved the signal to
noise ratio and allow higher spatial resolution [7–9].
Computational ﬂuid dynamics (CFD) simulations are gaining
acceptance for studying biomedical ﬂows, since they provide a relatively effortless access to different ﬂuid models and geometries
compared to the process of model building and measuring. At
the same time, validation of the simulation results remains a challenge for realistic ﬂows in non-trivial geometries in three dimensions. Experimentally acquired velocities of ﬂowing liquids
within different sample geometries for medical purposes have
been compared to CFD simulations in earlier studies [10–14]. However, most studies show limitations, like restrictions to symmetric
geometries, comparisons with non-3D CFD or low spatial imaging
resolutions. Microscopic measurements of velocity vector ﬁelds in
different geometries can help optimizing the parameters for realistic CFD simulations and providing ﬂow information on complex
geometries, which can be compared to the optimized simulations.
⇑ Corresponding author.
E-mail address: daniel.edelhoff@tu-dortmund.de (D. Edelhoff).
1090-7807/$ - see front matter Ó 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmr.2013.07.002

PC-MRI measurements are also not free from measurement artifacts, such as phase accumulation from higher order moments of
the gradients, velocity averaging in a recorded slice, spin ﬂowout of a slice or susceptibility differences between ﬂuid and wall
[15]. Additionally, impurities in the ﬂuid, asymmetries in the
experimental setup, unknown temperature inﬂuences or other aspects can degrade the measurements. Accordingly, a detailed comparison of high-resolution experimental and numerical data is
important for validating both types of data.
Blood is a non-Newtonian ﬂuid, and its ﬂow in human arteries is
pulsatile. However, in the present study, which aims at testing the
precision limits for the determination of microscopic velocity patterns, we exclude these aspects and concentrate on a Newtonian
ﬂuid under conditions of constant ﬂow. This also avoids complications of safety and ethical issues when dealing with (human)
blood. As an additional veriﬁcation tool, we compare the data to
analytical solutions and verify that they do not violate known conservation laws.
2. Methods
2.1. Phase contrast MRI
One possible technique for measuring the velocity of moving
nuclear spins in a spatially resolved way is PC-MRI [16–18].
Fig. 1 shows the pulse sequence of gradient- and RF-pulses for
phase contrast measurements in two-dimensional slices perpendicular to the main ﬂow direction. After the velocity-compensated
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called mesoscopic. LBM is a relatively new and popular method
in CFD and has been applied to a number of interesting ﬂow problems including multi-phase and multi-component ﬂuid ﬂows [20–
25]. In LBM, the (macroscopic) density q of a ﬂuid is represented by
particle distribution functions (PDF) fi. The larger fi, the more particles move into the direction ei associated with fi. A common model in three dimensions is D3Q19, which considers 19 discrete
directions e0 = (0, 0, 0),e{1,. . .,6} = {(±c, 0, 0), (0, ±c, 0), (0, 0, ±c)},
e{7,. . .,18} = {(± c, ±c, 0), (±c, 0, ±c), (0, ±c, ±c)}. The direction e0 represents particles at rest. The scalar value c = dx/dt denotes the lattice
speed where dx, dt are grid and time steps. To model the viscosity
of a ﬂuid, collisions between the moving particles are evaluated
during the time evolution. It holds for i = 0, . . . , 18:

fi ðx þ ei dt; t þ dtÞ  fi ðx; tÞ ¼ 

fi ðx; tÞ  fieq ðq; uÞ

s

ð4Þ

in which

Fig. 1. Schematic representation of the ﬂow encoding imaging sequence. The
spatial encoding gradient pulses (solid lines) are ﬂow-compensated. The dashed
lines represent the ﬂow encoding.

slice selection (z-direction), a ﬂow-encoding sequence is applied in
one of the three orthogonal directions. The spatial encoding and
detection part is based on the ‘fast low angle shot’ (FLASH) technique [19]. It uses ﬂow compensated spatial encoding in the phaseand frequency-encoding direction (y and x in our example), which
results in vanishing precession angles for all spins (stationary or
with constant velocity) at the time of the echo, in the absence of
ﬂow-encoding gradients [17,16].
For non-zero ﬂow-encoding gradients, the phase shift of the
spins moving with constant velocity v = (vx, vy, vz) is

U ¼ cv a Ga dD;

a ¼ x; y; z:

ð1Þ

Here, c is the gyromagnetic ratio, d and D represent the duration of
the ﬂow-encoding gradient pulses and the separation between the
pulses, respectively, as shown in Fig. 1, and G is the amplitude of
the ﬂow encoding gradient pulses. For each cartesian component,
we recorded images with three different gradients (0.2, 0, and
0.4 T/m). From these images, we calculated the components of the
ﬂow velocities by a linear least squares ﬁt of Eq. (1) to the experimental data.
The ﬂow-compensation is realized by optimizing the imaging
gradient pulses such that the phase
2

U ¼ c m0 x þ m1

dx m2 d x
þ
þ 
dt
2 dt2

!
ð2Þ

vanishes. Here mn is the nth magnetic gradient moment over the
echo time Te (time from the slice selection to the echo, set to 15 ms),

mn ¼

Z

Te

GðtÞt n dt:

ð3Þ

0

The imaging gradients of the shown sequence nullify the gradient
moment m1 and therefore the resulting phase vanishes for spins
with constant velocities.
2.2. Computational method
In continuum mechanics (i.e. small Knudsen number ﬂows), the
ﬂuid is described by time-dependent velocity-, pressure- and density-ﬁelds, which corresponds to a macroscopic point of view. A
microscopic point of view on the other hand would be to describe
the motion of each ﬂuid molecule. The Lattice Boltzmann method
(LBM) takes a third and probabilistic approach, derived from statistical physics, that is positioned in between the two and hence is

3ðe  uÞ 9ðe  uÞ2 3u2
q; uÞ ¼ wi q 1 þ i 2 þ i 4  2
c
2c
2c

!

fieq ð

ð5Þ

are
the
19
equilibrium
distribution
functions
and
1
1
w0 ¼ 13 ; wf1;...;6g ¼ 18
; wf7;...;18g ¼ 36
are weighting factors for D3Q19.
The equilibrium distribution functions fieq have the property to conserve mass. The term on the right hand side of Eq. (4) is usually referred to as the collision operator. It can be modiﬁed to include
multiple relaxation times or to model different macroscopic equations. The evolution of the directional densities can be understood
as a relaxation towards local equilibrium which is a function of
the local density q, the current velocity u and the single relaxation
time s which is connected to the kinematic viscosity

m¼

1
3



s


1 dx2
:
2 dt

ð6Þ

P
The density qðxÞ ¼ 18
i¼0 fi ðxÞ at a lattice node is the sum of all PDFs.
Pressure p ¼ c2s q is proportional to the density; cs is the speed of
sound of the chosen discretization (e.g. for D3Q 19 cs ¼ pcﬃﬃ3). The curP18
1
rent velocity uðxÞ ¼ qðxÞ
i¼0 fi ðxÞ  ei is also computed from the
PDFs.
Solid boundaries and the no-slip condition can be incorporated
by swapping opposite PDFs at solid nodes, this technique is known
as bounce-back. To locate the position of the boundaries in the
D3Q19 grid, the zero isocontour of a level set [26] representing
the geometry and deﬁned on the same grid dimensions is used.
Steady ﬂow is initiated by setting the velocity distribution at the
inlet (Dirichlet conditions) and requiring that the velocity at the
outlet is stationary (Neumann conditions). Those boundary conditions [27] are applied on a macroscopic level (e.g. setting u or q to a
certain value) as well as on a microscopic level (e.g. depending on
the boundary velocity u one has to set q and some of the fi that
point into the ﬂuid). External forces like gravity can be included
by manipulating the collision operator and the equilibrium velocity after the collision [28].
2.3. Parametrization of LBM systems to physical reference values
Basic comparisons of LBM with analytic solutions, the analysis
of different boundary conditions, forcing terms and other numerical methods like Finite Elements have been done [27,29,28,30–32],
but the results are not exhaustive – especially for arbitrary geometries and real ﬂow problems. It has been shown that LBM approximates the time-dependent Navier–Stokes equations under certain
circumstances [33]. The choice of the simulation parameters can
limit the stability of the method, especially when additional constraints must be considered. Lattice Boltzmann techniques are
popular because fast execution times can be achieved by using
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new programming paradigms for massively parallel processors like
graphics processing units (GPUs) available in most workstations
[34], but the limited amount of graphics memory can limit the size
and the resolution of a full 3D domain and therefore the parameter
set. One aspect of this paper is to analyze how the parametrization
on the GPU affects the accuracy of the method in comparison with
basic analytic solutions and microscopic phase contrast measurements in simple, but asymmetric geometries.
In order to compare MRI measurements and simulation results,
the LBM has to be parameterized by transferring the physical
quantities and units into their LBM equivalent. Usually a ﬂow is
characterized by its Reynolds number

Re ¼

cU cL

m

¼

c2L
:
cT m

ð7Þ

In Eq. (7), c{U,L,T} are the characteristic velocity, length and time of
the ﬂow and m is the kinematic viscosity of the ﬂuid. A parametrization of LBM has to refer to the same Reynolds number as the physical system, therefore LBM parameters like uLBM, dx, dt, mLBM, s and
the grid resolution N have to be determined (the ﬁrst four parameters correspond to c{U,L,T}, m). Additionally, Eq. (6) has to be fulﬁlled,
with s > 12 for physically meaningful results. Moreover, the compressibility error of the method depends on the Mach number. With
c
a Mach number Ma ¼ uLBM
 1, the simulated liquid is almost
cs
incompressible. With these constraints, uLBM has to be as low as
possible according to Ma. The parameter for the grid resolution N
is set based on the available memory resources, in this case the
amount of graphics memory, and the relation

N>

rﬃﬃﬃﬃﬃﬃﬃ
Re
;
Ma

ð8Þ

which estimates the maximum kinetically resolved Reynolds number for the grid [35]. With these two parameters, one can calculate
dx
dx ¼ cNL and dt ¼ uLBM
. s is set according to Eq. (6). The gravitational
cU
8qm2
force acting on the ﬂuid can be calculated as well: fg ¼ NLBM
Re.
3
3. Experimental setup and parameters
For an initial comparison between experimental measurements
and simulation results, two simple geometries were chosen. The
ﬁrst consists of a polyvinyl chloride (PVC) tube with a diameter
of 6 mm, while the second acts as a minimal model of an artery following a stenosis. We combined two tubes with different diameters of 3 mm and 6 mm resulting in a step. The ﬂow was
oriented upwards, from the narrower to the wider section. We also
measured the inﬂow into the stenosis, where we found the expected convective acceleration, but here we discuss only the results from the outﬂow behind the stenosis, which shows a
signiﬁcantly more interesting ﬂow pattern. The average ﬂow velocity within the measured systems corresponds to typical Reynolds
numbers of human arteries [36].

Fig. 2. Schematic representation of the experimental setup.

3.2. Sample geometry
The distribution of ﬂow velocities over a total volume of
7  7  12.3 mm3 was measured by acquiring 41 planar phase contrast images within the RF-coil volume (10  10  15.4 mm3). The
slices were perpendicular to the main ﬂow direction (z), their
thickness was 300 lm, and the spatial resolution within each slice
was 27  27 lm2. In the following sections we number the slices
from 1 to 41 with increasing z-coordinate. The ﬂow encoding
parameters deﬁned in Section 2.1 were d = 1 ms, D = 2 ms,
G(x,y,z) =  0.2, 0 and 0.4 T/m. We used the maximum slew rate of
the system, which is 1.2  104 T m1 s1. This results in a phase
shift of p (known as VENC) for a velocity of 8.8 cm/s, which ﬁts
the experimental z components of the velocity.
The reference images, without ﬂow encoding gradients, were
also used to generate a three dimensional image of the geometry.
Fig. 3 shows the reconstructed geometries for both systems. These
data were used as boundary conditions for the LBM simulations.
The data showed that the cross section of the tubes could be
well represented by ellipses. This allowed us to compare the measured ﬂow patterns to an analytical solution which exists for elliptical boundaries. For this comparison, we determined the
parameters of the elliptical boundary in every slice individually.
The centers of the ellipses were used to determine the precise orientation of the tube axis. Averaged over the straight tube, the major and minor semi-axes were a = 3.054 mm and b = 2.866 mm,
which corresponded to an ellipticity of 7.6%. Comparing the centers

3.1. Experimental setup
The MRI measurements were performed in a 14.1 T wide bore
magnet with a gradient unit providing a gradient strength of up to
1 T/m. We used a home-built probe with a 10 mm RF-insert. Fig. 2
shows a summary of the experimental setup. Distilled water with
a temperature of 20 °C was used and the hydrostatic pressure from
a reservoir above the magnet provided the ﬂow, which was monitored by an inductive ﬂow measurement device. The ﬂow was constant during a measurement period of up to 20 h. During the
measurements the water-level in the upper basin was kept constant
by a circulation pump. PVC tubes were used as connections between
all parts and the samples were placed in the RF-insert.

(a)

(b)

Fig. 3. Geometries of the samples reconstructed from the MRI data. (a) 6 mm
diameter PVC tube and (b) 3–6 mm step model. The ﬂow is orientated in the
positive z-direction and the length of the axes corresponds to 3 mm.
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of the ellipses, we determined that the tube was inclined by 1° in
the x-direction and 0.5° in the y-direction. The orientation of all
ellipses was constant (8°).
In the step model, we determined these characteristics separately for the part near the entrance (3 mm diameter) and the
wider part near the exit (6 mm). Within the narrower part, the major and minor axes were a = 1.539 mm and b = 1.458 mm, which
corresponds to an ellipticity of 2.7%. The orientation the ellipses
in the wider part changed from 6° in slice 1 to 18° in slice 25.
The axis of this phantom was inclined by 1.5° in the x-direction
and 2.1° in the y-direction. The inclination of the wider part was
smaller (0.3° in both directions). The ellipticity was 1.5% with the
major and minor axes a = 2.943 mm and b = 2.916 mm. Here, the
orientation of all ellipses was constant, at 0°.
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Hagen–Poiseuille distribution, as expected [38,39]. The mean ﬂow
 z ¼ ð3:13  1:79Þ cm=s, while the perpendicular comvelocity was v
 ? ¼ ð0:16  0:09Þ cm=s. Fig. 4 shows
ponents were of the order of v
the measured ﬂow distribution. The left hand side shows the centered x–z-plane. The in-plane components of the velocity are visualized by vectors. Additionally the z-component is color encoded to
point out the main ﬂow behavior. The z-component was processed
with a 3  3 pixel median ﬁlter to reduce the noise. The right hand
side shows the measured slice No. 12, 3.6 mm from the bottom,
while the upper part shows the ﬂow proﬁle through the indicated
line. It shows the expected parabolic shape, with the maximum
velocity close to the center of the ellipses, with a deviation of
54 lm. The maximum velocity was vmax = (6.3 ± 0.2) cm/s.
4.2. Flow distribution in the minimal step model

3.3. LBM parameters
The simulation domain was obtained by a level set reconstruction [37] of the measured MRI geometry. The simulations were set
up according to PC-MRI velocity measurements and the ﬂuid used
in the experiment (distilled water at 20 °C, density q = 998.21 kg/
m3, dynamic viscosity g = 1.002 g/ms). The ﬁrst PC-MRI slice was
used as inﬂow boundary condition while the maximum velocity
of the slice v0 (see Eq. (9) in Section 4.5) was selected for setting
the characteristic velocity uC ¼ 12 v 0 . For ﬂow through the straight
tube, the resulting key parameters were Re = 147.43, uLBM = 0.07,
N = {57, 85, 113, 140, 169} (uL = 6 mm). The different values for Ns
were chosen for convergence analysis. Regarding the ﬂow through
the step model from 3 mm to 6 mm, the resulting numbers were
Re = 192.98, uLBM = 0.07, N = 86 (uL = 3 mm). Relation (8) was satisﬁed for all N. All other parameters mentioned in Section 2.3 were
inferred based on these values.
4. Results
4.1. Flow distribution in the straight tube
We measured the microscopic ﬂow distribution for each slice
and both geometries within the tubes. The straight tube showed a

The ﬂow in the step model is more complex than in the straight
tube. In the lower part we observed again a parabolic distribution
of the ﬂow velocity, as expected for a Hagen–Poiseuille ﬂow. At the
step, the pattern becomes wider and in the outer parts, we observed ﬂow in the direction opposite to the main ﬂow, indicating
the formation of a vortex.
Fig. 5 plot the ﬂow distribution in different sections of the complete vector ﬁeld. The left hand part of the ﬁgure shows one x–zplane. The color scheme indicates the backward ﬂow behind the
transition. The narrower section is inclined by 2.1° from the z-axis.
The right hand side of the ﬁgure shows the vector ﬁeld in the
inﬂowing plane (lower graph) as well as the outﬂowing plane
(upper graph). The velocity components follow the inclination of
the geometry, which results in a shift of the ﬂow distribution in
the wider part, as expected from momentum conservation. Additionally the negative ﬂow decreases with increasing distance from
the step, and the ﬂow proﬁle becomes wider. This indicates that
the backward ﬂow disappears with increasing distance from the
step and the in-plane distribution approaches the normal parabolic
 zin ¼ 6:08
shape. The mean ﬂow velocity at the inlet was v
 z out ¼ 1:51
3:88 cm=s, and in the wider part it was reduced to v
 ? ¼ 0:17
2:25 cm=s, with a perpendicular component of v
0:12 cm=s.

Fig. 4. Measured ﬂow distribution of the straight tube in different perspectives. The left hand side shows one x–z-plane of the vector ﬁeld, while the right hand side shows the
z-component of slice No. 12. The upper graph is the ﬂow proﬁle through the center of the lower slice.
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Fig. 5. Measured ﬂow distribution of the step model in different perspectives. The left hand side shows the central x–z-plane of the vector ﬁeld, while on the right hand side
the inﬂowing as well as the outﬂowing slice is shown.

4.3. Validation
To validate these results, we used three independent checks:
For the straight tube, we compared the measured data to the analytical solution. For both geometries, we calculated the divergence
$  v (mass conservation) and compared the measured distribution
to the numerical solutions. The analytical solution for the straight
tube uses the measured elliptical cross section to determine the zcomponent of the velocity, while the perpendicular components
vanish. For the usual no-slip boundary conditions, the solution is

v z ðx; yÞ ¼ v 0 



x2 y 2
1 2  2 ;
a
b

dv x dv y dv z
þ
þ
:
dx
dy
dz

r¼

pﬃﬃﬃ
2 VENC
:
p SNR

ð11Þ

We determined r to 0.2 cm/s and therefore the measured in-plane
velocities were of the same order as the noise.
4.4. Numerical results

ð9Þ

[40] where a and b are the semi-major and -minor axis determined
in Section 3.2.
Fig. 6(a and b) shows the measured ﬂow proﬁle along the determined major and minor axis of the ellipse from slice No. 12 of the
straight tube. A comparison shows good results with small deviations of less than 1% in the center, relative to the maximum velocity. At the boundary, the ﬁnite precision with which the ellipsis
was determined, resulted in deviations up to 2.5%. Fig. 6(c) shows
the deviation over the complete slice. In the straight tube, the average deviation was 1.15 ± 0.96% which is mainly due to the in-plane
velocities, which were not considered, and noise and inaccuracies
in the ﬁtting process of the ellipses.
For both geometries, we calculated the divergence of the experimentally determined velocity ﬁeld, which should vanish for an
incompressible ﬂuid. The divergence was calculated as

rv ¼

slightly increased divergence near the tube wall. The signal to noise
ratio (SNR) in the measured images was 20 and due to the used
velocity phase encoding (VENC) we could estimate the standard
deviation r of the determined velocities as [41]:

ð10Þ

Due to the non-cubic dimensions of the voxels (27 
27  300 lm3), the variations of the in-plane components had a
higher inﬂuence to the determined divergence. The mean value of
the divergence was 0.0046 ± 14.86 s1 for the straight tube and
0.27 ± 4.49 s1 for the step model. These values are well compatible
with zero and are mostly due to the noise of the x–y-velocity
components. No systematic trend was observed, except for a

In the straight tube case, the simulations were performed with
different lattice resolutions to analyze the convergence behavior.
We used the ﬁrst measured slice as the inﬂow condition for the
simulation and the measured geometry for the bounce-back
boundary condition. The in-plane lattice resolution in pixel (px)
of the simulation was varied for the straight tube experiment between 64 and 192 px to simulate the measured 7 mm ﬁeld of view,
while the z-axis was simulated in a higher resolution than the
measurement (41 slices) to achieve equidistant step sizes within
the simulation. The z-axis resolution varied between 124 and
368 px. The highest possible resolution was limited by the amount
of memory on the GPU. Fig. 7 shows the absolute deviation of the
measured and simulated z-velocities for the measured geometry
referred to the maximum z-velocity of the measurement.
The deviation between the simulated and experimental values
of the in-plane components was 2.4 ± 4.4%, independent of the
lattice resolution. These values are compatible with zero and can
be well explained by the noise of the experimental data, which is
of the order of 3% of the maximum velocity (see Section 4.3).
The ﬁgure shows that with increasing lattice resolution the
deviation decreases to a minimum value of 0.75 ± 0.58% and in
total shows a quadratic convergence behavior. We validated these
values by simulating an ideal tube with different lattice resolutions
from 64 to 256 px3 and compared the results with the well known
analytic solution for an ideal tube. These results are shown in Fig. 7
as well. The convergence behavior was the same as in the real
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Fig. 6. Measured and calculated velocities along the symmetry axis of the determined ellipses of slice No. 12 in the straight tube. The deviation between analytic solution and
measurement is shown as well (a and b). Deviation between measurement and analytic solution in the complete slice No. 12. (c).

Fig. 7. Absolute deviation between simulated velocities and the analytic solution
for the ideal tube geometry as well as measured and simulated ﬂow in the real
geometry, relative to the maximum velocity. The x-axis shows different in-plane
resolutions (1. 642 px2; 2. 962 px2; 3. 1282 px2; 4. 1602 px2; 5. 1922 px2; 6. 2562 px2).

straight tube and decreases to 0.64 ± 0.62)%. The deviation was
mainly caused by the bounce-back boundary condition of the simulation which is reported to be at most of second order accuracy,
depending on the geometry and viscosity [29,31]. The divergence
of the velocity ﬁeld in the straight tube simulation was
0.0001 ± 0.6437 s1 in the highest resolution, the density differences and therewith the compressibility [1%.
Once the convergence had been shown, the simulation of the
step model was performed with the highest possible lattice resolution of 192  192  368 px3. We used the inﬂowing slice of the
measurement as starting condition and the measured geometry
for the boundaries. In this resolution, the domain for the transition
is approximated by 13.6  106 D3Q19 cells of which 12.5  106
cells represent the ﬂuid. With our OpenCL GPU implementation
32.5 LBM-iterations per second were possible with a single NVIDIA
680GTX graphics card and 4 GB RAM; with simultaneous ﬂow ﬁeld
volume visualization this number drops to 25.9 iterations per second. One second in the given parametrization consists of 26443
LBM time steps and can be simulated in about 14 min.
4.5. Comparison with simulated data: straight tube
Fig. 8 compares the simulated and measured z-components of
the vector ﬁelds along the major axis of the ﬁtted ellipses for slice
No. 12 (3.6 mm from the bottom) and also shows the color-coded

Fig. 8. Simulation and measurement results for the tube setup along the major axis
of the ellipses in slice No. 13. The lower part and the slice show the absolute
deviation referenced to the maximum velocity.

deviation over the entire slice. The shape of the ﬂow proﬁle is very
close to the expected parabola and the deviation between both
proﬁles is, except for the left boundary, of the order of 1% and
mainly inﬂuenced by measurement uncertainties (e.g. noise). The
complete slice shows some uncertainties at the boundary of the
tube but at a large range the variation is marginal and the simulation agrees with the measured data. The deviation between measurement and simulation of the complete straight tube was
0.64 ± 0.62%.
4.6. Comparison with simulated data: Step model
Within the step model, we observed a higher mean deviation
between measurement and simulation than in the straight tube,
but the mean value over the complete geometry is adequate with
2.97 ± 3.49% deviation of the maximum velocity. Fig. 9 shows the
deviation as a function of major and minor axis as well as in two
different slices (3 and 38) of the smaller and the wider part of
the geometry. We observed that in the inﬂowing part (Fig. 9(c
and d)) both, measurement and simulation, showed the expected
Hagen–Poiseuille ﬂow behavior. The deviation was of the order
of 1  4%. Within the wider part (Fig. 9(a and b)), the measured
ﬂow distribution differed obviously from the simulated velocities.
The maximum velocity was determined at different points
(270 lm difference) and the velocities differ by up to 25%. While
the shape of the velocity distribution agrees very well between the
two data sets, they are shifted laterally with respect to each other.
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(a)

(b)

(c)

(d)

Fig. 9. Measured and simulated velocities along the major and minor axis of the ﬁtted ellipses of different slices and the difference between simulated and measured ﬂow
distributions referred to the maximum velocity.

This shift can be explained by the fact that the geometry after the
outlet was not simulated. Investigations of the tube system after
the RF-coil revealed a slight bend which was not included in the
simulation and introduced the shift of the ﬂow. The Neumann
boundary condition (see Section 2.2) applied in the simulation
could not take this into account. As an alternative, the last measured slice was set as an additional Dirichlet velocity boundary
condition at the outlet. The simulation did not show a higher pressure which means that the ﬂow rates at in- and outlet were the
same. At the same time, this setup did not lead to an overall lower
error in the bulk of 6 mm part of the tube except for the last slices
near the outlet where the error vanished because the simulated
ﬂow tried to adopt to the Dirichlet condition. Because of this forcing of the ﬂow, the recirculation zones in this simulation setup
were different compared to those obtained by the Neumann condition as well as by the measurement.

5. Discussion
Our results show that microscopic PC-MRI gives a very precise
picture of ﬂow in the straight tube model. Our computational results, which used the experimental geometry as boundary conditions, achieved good agreement with the measured velocity
distribution, with deviations of [1% under physiologically relevant velocity conditions. The main deviations appear near the
boundary where both methods, measurement and simulation, are
sensitive to artifacts. MRI is inﬂuenced by magnetic ﬁeld inhomogeneities caused by susceptibility differences. On the other hand
LBM is largely inﬂuenced by the outﬂow boundary conditions
and domain length. The reported accuracy of the bounce-back
boundary condition depending on the geometry and viscosity

played only a minor role in the results. The convergence of the simulation to the measurement as well as the analytic velocity distribution showed that a large amount of graphics memory is
necessary to achieve satisfactory results for microscopic ﬂow
distributions.
In the minimal stenosis phantom (step model), the deviations
were larger. Here, the initial section showed the same behavior
as the straight tube model, with slightly higher deviation and variation, possibly because of the narrower tube (3 mm vs. 6 mm),
higher average velocities (6 cm/s vs. 3 cm/s), or the inﬂuence
of the outﬂow boundary condition (see below). Behind the transition, measurement and simulation showed a shifted main ﬂow.
The symmetry of the deviation, the similarity of the backward ﬂow
as well as the identical peak velocity indicate that additional inﬂuences affected the ﬂow, which were not accounted for by the simulation. The most likely cause is a bend in the tube outside of the
section that was measured and simulated. The Neumann boundary
condition seems to be the right choice for the outﬂow, more suitable than a second Dirichlet condition. The measurement of the
velocities close to the transition between the two diameters was
inﬂuenced by magnetic ﬁeld inhomogeneities and the resulting
inaccuracies within the reconstructed geometry could be another
reason for variations between measured and simulated ﬂow data.
For further applications, tube materials with magnetic susceptibilities closer to the sample liquids could be used to avoid and minimize these imaging artifacts. Knowledge of the geometry of the
supply tubes outside of the sample volume is necessary to achieve
better agreements between measurement and simulation. The
simulation could further be improved by using adaptive step sizes
to avoid running of out memory resources when simulating more
complex systems measured with higher spatial resolution. Clearly,
this would signiﬁcantly increase the complexity of the implemen-
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tation. Compared to the measurements, the simulation could provide more accurate information of the ﬂow along the slice selection
direction of the measurement where the spins are averaged over a
rather large slice thickness of 300 lm.
6. Conclusion
Our results show that the PC-MRI measurement procedure is
well suited for determining velocity distributions with microscopic
resolution under steady ﬂow conditions so that it can be extended
for future medical applications were high resolution is required.
This will include the analysis of pulsatile ﬂows, non-Newtonian
ﬂuid behavior, suspensions and more realistic models of blood vessels. The determined ﬂow distributions agree very well with analytical solutions where they are available. A comparison with
CFD simulations also shows a very good agreement. The deviations
can be attributed to the ﬁnite size of the measured and simulated
region of the sample. These differences could thus be eliminated by
increasing the region of interest, at the cost of an increased measurement time and higher memory requirements for the simulation. Depending on the available hardware, this leads to
limitations in the parametrization, e.g. of the maximum Reynolds
number. Alternatively, the setup could be adjusted by changing
the part outside the region of interest to sufﬁciently long rigid
straight tubes. However, this approach is not compatible with ﬂow
measurements in biological systems like blood vessels, which are
not straight. The hardware limitations on the simulation parameters could be reduced by using computer systems with multiple
cards working together. Microscopic PC-MRI and CFD simulations
may therefore become useful complementary tools for analyzing
the ﬂow of non-Newtonian liquids in different medically relevant
systems, such as new and optimized endovascular devices.
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