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a b s t r a c t
We demonstrate theoretically and experimentally the possibility to achieve the strong coupling regime at
room temperature with a microwave electronic oscillator coupled with an ensemble of electron spins.
The coupled system shows bistable behaviour, with a broad hysteresis and sharp transitions. The coupling strength and the hysteresis width can be adjusted through the number of spins in the ensemble,
the temperature, and the microwave ﬁeld strength.
Ó 2013 Elsevier Inc. All rights reserved.

1. Introduction
Achieving strong coupling between a microwave resonator and
an ensemble of electron spins has become an important goal during the last years [1–14]. One of the motivations for these studies is
the search for possible realizations of efﬁcient quantum computers. The strength of the coupling between a resonator and an
ensemble of electron spins is usually described by the collective
coupling strength [2–5].
The collective coupling strength gc can
pﬃﬃﬃﬃﬃﬃ
be expressed as g c ¼ g s N p , where gs is the cavity-single spin coupling strength, Np = N(coth (a)  (1/a)) is the equivalent number of
polarized
pﬃﬃﬃspins, a = lB0/kBT, l is the effective magnetic moment
(l ¼ lB 3 for S = 1/2 and g = 2), B0 is the static magnetic ﬁeld,
and N is the number ofp
spins
in the ensemble. A rough estimation
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
of gs is given by g s ﬃ l l0 x=2
hV c where Vc is the cavity volume,
and x is the transition angular frequency [2]. The strong coupling
regime is usually identiﬁed by the conditions gc  j, c, where j
and c are the resonator and the spin resonance line half-widthat-half-maximum, both given in rad/s [2,4,5].
In contrast to previous work that described the coupling between a microwave resonator driven by an external microwave
source and a spin ensemble [1–9,15,16], here we investigate theoretically and experimentally the coupling of a microwave oscillator
and an ensemble of spins. In particular, we provide a simple theory
describing the coupling of a microwave LC-oscillator with an
ensemble of electron spins and we demonstrate experimentally
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that by this approach the strong coupling is observable also at
room temperature. The strong coupling between the spin ensemble and the microwave oscillator leads to a cooperative behaviour
of the combined system. The oscillation frequency of the coupled
system shows a broad hysteresis and sharp transitions as a function of the applied static magnetic ﬁeld. In the bistable region,
the previous history of the system determines which of the two
possible states is observed.
2. Theory
In typical experimental conditions, the oscillation frequency of
an LC-oscillator coupled with an ensemble of electron spins is given by (see Appendix A)

xLC
;
xLC v ﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ gv0

ð1Þ

where

v0 ¼ 

ðxLCv  x0 ÞT 22
1
x0 v 0 ;
2 1 þ T 22 ðxLC v  x0 Þ2 þ c2e B21 T 1 T 2

ð2Þ

pﬃﬃﬃﬃﬃﬃ

xLC ¼ 1= LC is the unperturbed oscillator frequency, x0 = ceB0, v0
is the static susceptibility, g is the ﬁlling factor (approximately given by (Vs/Vc), where Vs is the sample volume), ce is the electron
gyromagnetic ratio, B1 is the microwave magnetic ﬁeld, T1 and T2
are the relaxation times. Due to the dependence of v0 on xLCv, Eq.
(1) contains on both sides the oscillation frequency xLCv. The determination of xLCv is equivalent to the determination
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ of the roots of
the function FðxLC v ; B0 Þ ¼ xLC v  ðxLC = 1 þ gv0 Þ (or to the
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Fig. 1. Graphical representation of the three solutions for the oscillator frequency
variation DfLC = (xLCv  xLC)/2p obtained solving Eq. (1). Simulation parameters:
T1 = T2 = 60 ns, v0 = 5.2  105, fLC = 28 GHz, ce/2p = 28 GHz/T, g = 0.01, B1 = 0. The
2
static susceptibility is computed by the equation v0 ¼ l0 nc2e 
h =4kT (which is valid
for S = 1/2, g = 2, lB0  kT) assuming T = 300 K and n = 2  1027 spins/m3. Relaxation times and spin density correspond to those of DPPH [17,18]. DfLC,PP is the peakto-peak oscillator frequency variation, DB0,H is the hysteresis.

R
determination of the extrema of UðxLC v ; B0 Þ ¼  FðxLC v ; B0 ÞdxLC v ,
which assumes the role of a pseudo potential).
We ﬁrst discuss the solution of Eq. (1) in the limit of negligible
saturation (i.e., for c2e B21 T 1 T 2  1). As long as the coupling is weak
(precisely for (gv0)1/2T2x0 < 2), there is a single solution for xLCv
for each value of B0. For ðgv0 Þ1=2 T 2 x0 P 2, we ﬁnd a single solution
far from resonance and three solutions close to resonance. The condition (gv0)1/2T2x0 P 2 is equivalent to the strong coupling condition gc P c (see Appendix B). Fig. 1 shows an example of the
solutions obtained in the conditions reported in the ﬁgure caption,
which correspond to (gv0)1/2T2x0 ﬃ 8. The curve plotted in blue
corresponds to the curve experimentally observed when the magnetic ﬁeld is swept from values well below resonance to higher values, whereas the curve in red1 corresponds to the opposite sweep
direction starting from a ﬁeld value well above resonance. Due to
the hysteresis, a sort of volatile memory is obtained. The solution
plotted with a dashed line in black is not experimentally observed.
This solution corresponds to a maximum of the pseudo potential U
and it is given by xLCv = x0 within the hysteresis. If the oscillator
is turned on with a magnetic ﬁeld value within the hysteresis region,
the solution in red is experimentally observed. This might be due to
the relatively complex start-up mechanisms of the oscillations or to
a not yet identiﬁed global energy minimum of the system (the pseudo potential has two local minima with the same pseudo energy).
The physical behaviour of the LC-oscillator coupled to the spin
ensemble can be qualitatively explained as follows. If the ﬁeld
sweep is started from a ﬁeld value below (above) the resonance
conditions, the oscillator frequency xLCv is slightly above (below)
the unloaded oscillator frequency xLC due to the negative (positive) susceptibility v0 (see Eq. (1)). If the magnetic ﬁeld is swept towards higher (lower) values the oscillator frequency xLCv further
increases (decreases) due to the change of the susceptibility. This
is the reason why sweeping the ﬁeld towards higher (lower) values
the resonance condition is achieved for a ﬁeld B0 P (xLC/ce) (B0 6 (xLC/ce)). The oscillator remains locked to the spin system even
when the magnetic ﬁeld has been increased (decreased) beyond
the resonance condition for the uncoupled system B0 = (xLC/ce).

1
For interpretation of colour in Fig. 1, the reader is referred to the web version of
this article.

Fig. 2a–d show the evolution of the oscillator frequency variation as a function of the static magnetic ﬁeld for different values
of the ﬁlling factor. For g = 0.0001 the frequency variation has a
dispersion-like shape. For g P 0.001, which corresponds to
(gv0)1/2T2x0 P 2, a hysteresis together with sharp transitions appears. The abrupt frequency variations shown in Fig. 2b–d are inﬁnitely sharp (i.e., a forbidden frequency band exists between the
two allowed frequency values immediately before and after the
transition). Fig. 2e shows the linear dependence of the oscillator
frequency variation DfLC,PP on the ﬁlling factor. The oscillator frequency variation is equal to ð1=8pÞx20 T 2 gv0 , in the weak as well
as in the strong coupling regime. Fig. 2e shows also that, for sufﬁciently large g, the width of the hysteresis DB0,H is a linear function
of the ﬁlling factor. For wide hystereses, the hysteresis width and
the frequency variation are related by DB0,H ﬃ ce2pDfLC,PP. Fig. 2f
shows the slope of the oscillator frequency variation at resonance
as a function of the ﬁlling factor. For small values of g, the slope
grows linearly with the ﬁlling factor. Close to the onset of the hysteretic behaviour, the slope becomes orders of magnitude larger
than the one predicted using a linear extrapolation from the slope
at small ﬁlling factors. Fig. 2f shows also the ﬁeld difference DB0,PP
between the extrema of the oscillator frequency variation. In the
weak coupling limit, DB0,PP corresponds to the resonance linewidth
deﬁnition for a dispersion signal. In the strong coupling regime,
DB0,PP = DB0,H. For g values just below the onset of the hysteresis,
the dispersion signal is distorted and narrowed (DB0,PP is reduced
to half of its value in the weak coupling limit).
So far, we assumed negligible saturation of the spin system.
Fig. 2g shows the oscillator frequency variation and the hysteresis
width as a function of the microwave ﬁeld strength. In the condition of negligible saturation, the oscillator frequency variation
and the hysteresis width are approximately independent of B1. In
the condition of non-negligible saturation, the oscillator frequency
variation as well as the hysteresis width decrease rapidly to zero.

3. Experiments
In order to experimentally verify the proposed simple theoretical model, we used a single-chip electron spin resonance detector
similar to those we reported in [19,20]. Fig. 3 shows a photo and
the block diagram of the realized chip, which essentially consists
of two LC-oscillators operating at 20.6 GHz and 17.1 GHz, respectively. The excitation/detection octagonal coils have a diameter of
200 lm, an inductance of 300 pH, a resistance of 2 X, and a Q-factor of 20. The microwave magnetic ﬁeld B1 can be varied from 0.1
to 0.7 mT by changing the oscillator supply voltage from 0.5 to
3.5 V. On the same chip, a mixer and a frequency division stage
are also integrated. By mixing the two oscillator output voltages
a signal at about 3.5 GHz is obtained, which is subsequently divided by 16, resulting in a chip output signal at about 220 MHz.
The output frequency is measured with a frequency counter as a
function of the applied static magnetic ﬁeld B0. The experimental
oscillator linewidth is j ﬃ 2  104 rad/s, as measured by the virtual
damping rate method [21]. Due to a relatively large 1/f3 component
in the oscillator phase noise [22], the measured j is two orders of
magnitude larger than the thermal noise limited value, with an
experimental linewidth compression of about 5  106 (see
Appendix C).
The experiments reported in Fig. 4 are performed with a sample
of DPPH having a volume of about 90  90  50 lm3 and
T2 ﬃ 56 ns at 300 K as well as 77 K (see Appendix D). At 300 K, from
the description of our experimental conditions reported above, we
have gc ﬃ 2  108 rad/s, c ﬃ 2  107 rad/s, and j ﬃ 2  104 rad/s.
Consequently, the strong coupling conditions gc  c, j are fulﬁlled.
Fig. 4a reports measurements performed to experimentally dem-
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Fig. 2. (a–d) Oscillator frequency variation as a function of static magnetic ﬁeld for different values of the ﬁlling factor for B1 = 0. (a) g = 0.0001, (b) g = 0.001, (c) g = 0.01, (d)
g = 0.1. (e) Oscillator frequency variation and hysteresis width as a function of the ﬁlling factor g for B1 = 0. (f) Slope of the oscillator frequency variation at resonance (i.e.,
½dðDfLC Þ=dB0 B0 ¼xLC =ce ) and resonance width DB0,PP as a function of g for B1 = 0. (g) Oscillator frequency variation and hysteresis width as a function of B1 for g = 0.025.
Simulations parameters: T1 = T2 = 60 ns, v0 = 5.2  105, fLC = 28 GHz, ce/2p = 28 GHz/T.

onstrate the possibility to achieve the strong coupling regime at
room temperature. Fig. 4b reports measurements performed at
77 K with the same sample. Due to the enhanced spin polarization
(i.e., larger static susceptibility v0) the oscillator frequency variation and hysteresis width at 77 K are about a factor of three to four
larger than those at 300 K. Fig. 4c shows a narrow ﬁeld sweep in
correspondence with the sharp transition at higher ﬁelds. The transition is narrower than 20 nT, the smallest ﬁeld variation possible
with our set-up. The standard deviation of the jitter in the position
of the sharp transitions is of about 1 lT in a measuring time of
30 min with 400 passages through the sharp transitions. This jitter
is mainly due to the frequency noise of our integrated oscillator. As
shown in Fig. 4d, the experimental results for the oscillator frequency variation and the hysteresis width are up to a factor four
smaller than the values obtained by solving Eq. (1). The difference
between the experimental and simulated results is probably due to
the uncertainty on the values of T1, B1, spin density, and sample
volume (see Appendix E).
Fig. 5 reports experiments performed at 300 K with a sample of
BDPA having a volume of about 60  70  30 lm3 and T1 ﬃ T2 ﬃ 100 ns (see Appendix D). The strong coupling conditions are fulﬁlled also with this sample. Fig. 5a shows that the oscillator
frequency variation as well as the hysteresis width decreases by

increasing B1. For B1 values larger than 0.6 mT, the hysteresis disappears. Fig. 5b compares the theoretical and experimental values
for the oscillator frequency variation and hysteresis width as a
function of B1. Fig. 6a reports experiments performed with samples
of BDPA having three different volumes (60  70  30 lm3,
60  25  30 lm3, 30  20  20 lm3), corresponding to three different ﬁlling factors g (0.018, 0.0064, 0.0017). Fig. 6b compares
the theoretical and experimental values for the oscillator frequency variation and hysteresis width as a function of the ﬁlling
factor. As in the case of DPPH, also with BDPA the agreement between experiments and simulations is within a factor of four. For
both samples the agreement is worse for large values of the
hysteresis.
4. Conclusion and outlook
In this work we have investigated theoretically and experimentally the strong coupling regime between an ensemble of electron
spins and an electronic microwave oscillator. The system shows
several interesting phenomena, such as bistability and hysteresis
as a function of the applied static magnetic ﬁeld. The proposed
simple theoretical model explains the observed phenomena, at
least at a semi-quantitative level.
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Fig. 3. (a) Optical microscope image and (b) block diagram of the single-chip
electron spin resonance detector. VO1 and VO2: DC power supply of the two
oscillators (0.5–3.5 V). VD: DC power supply for the mixer and frequency-division
module (1.5 V). OUTp and OUTn: differential output signal (ﬃ220 MHz). The
transistor dimensions width/length are in micrometres. The dashed circle indicates
the area where the samples are placed.

In addition to the conceptually novel way in which the strong
coupling regime with an ensemble of spins is revealed and manifests itself, the oscillator approach proposed here might have fundamental and practical advantages with respect to the resonator
approach reported previously. Due to linewidth compression (see
Appendix C), the linewidth of an oscillator is several orders of magnitude narrower compared to that of a passive resonator. This allows to achieve strong coupling at higher temperatures or with
smaller or more diluted spin ensembles. Diluted spin ensembles
have typically longer coherence times and well resolved line splitting thus allowing for more complex coherent spin manipulations
[10,14]. The oscillator approach, combined with its implementation using advanced integrated circuit technologies as demonstrated in this paper, has the practical advantage of having the
entire sensitive part of the excitation/detection chain integrated
into a single chip, thus requiring no external microwave electronics. Consequently, the oscillator approach is well suited for the
realization of dense arrays of highly miniaturized oscillator–spin
ensemble systems on the same chip, potentially capable to simultaneously manipulate and read all spin ensembles in a correlated
or independent fashion. The long spin coherence times recently reported for donors in 28Si crystals [23,24] suggests a possible route
for all-silicon large-scale spin-based quantum processing [25].
As mentioned in the introduction,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ the collective coupling
strength gc is proportional to N p =V c . Consequently, the strong
coupling for a given number of spins is more easily achievable with
a miniaturized coil having a small sensitive volume Vc. In Refs.
[19,20], we derived an approximate expression for the minimum
number of spins which are detectable inductively. Assuming
T = 1 K, T1 = T2 = 10 ls, R = 1 X, fLC = 280 GHz, Bu = 0.13 T/A (i.e., a

Fig. 4. Experimental oscillator frequency variation as a function of the static
magnetic ﬁeld for different values of B1 with a DPPH sample of about
90  90  50 lm3. (a) T = 300 K, fLC ﬃ 20.61 GHz, B0 ﬃ 0.736 T (for DB0 = 0). (b)
T = 77 K, fLC ﬃ 20.89 GHz, B0 ﬃ 0.746 T (for DB0 = 0). (c) Narrow ﬁeld sweep across
one of the sharp transitions at T = 300 K, fLC = 20.61 GHz, B1 ﬃ 0.2 mT, B0 ﬃ 0.736 T
(for DB0 = 0). (d) Comparison between experiments and simulations (simulation
parameters: T1 = T2 = 60 ns, n = 2  1027 spins/m3, g = 0.038, ce/2p = 28 GHz/T).

single turn coil with a diameter of 10 lm), and j ﬃ 104 rad/s, we
obtain Nmin ﬃ 1 spin/Hz1/2, c ﬃ 105 rad/s, and, for a single spin, gc ﬃ 105 rad/s. Under these assumptions (see discussion in Appendix
E) the spin sensitivity and the coupling parameters are at the limit
of allowing the detection of a single spin in the strong coupling
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Fig. 5. Experiments and simulations with a sample of BDPA of about
60  70  30 lm3 with fLC ﬃ 20.6 GHz, B0 ﬃ 0.74 T (for DB0 = 0). (a) Experimental
oscillator frequency variation as a function of the static magnetic ﬁeld for different
values of B1. (b) Oscillator frequency variation (red line: simulated values, red dots:
experimental values) and hysteresis width (blue line: simulated values, blue dots:
experimental values) as a function of B1 (simulation parameters: T1 = T2 = 100 ns,
n = 1.5  1027 spins/m3, g = 0.018, ce/2p = 28 GHz/T). (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)

regime. Consequently, miniaturized integrated LC-oscillators appears to be a promising alternative approach to those currently
used for the investigation of the strong coupling regime [1–5,8],
potentially also with very small ensembles of spins at low
temperature.

Fig. 6. Experiments and simulations with BDPA samples with fLC ﬃ 20.6 GHz,
B0 ﬃ 0.74 T (for DB0 = 0). (a) Experimental oscillator frequency variation as a
function of the static magnetic ﬁeld for different values of g. (b) Oscillator frequency
variation (red line: simulated values, red dots: experimental values) and hysteresis
width (blue line: simulated values, blue dots: experimental values) as a function of
g (simulation parameters: T1 = T2 = 100 ns, n = 1.5  1027 spins/m3, B1 = 0.12 mT,
ce/2p = 28 GHz/T). (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

resistance. If we consider that the oscillator is implemented as
sketched in Fig. A1b we have
L
G ¼ R2 þRxL 2 L2 ; B ¼ R2 þx
þ xC;
x2 L2
L

Appendix A. Oscillation frequency of an LC-oscillator coupled
with an ensemble of electron spins
Fig. A1a shows a general oscillator model. The admittance of
the resonator and the negative admittance can be generically
written as Y = G + jB and Y() = G() + jB(). An oscillator can sustain stable oscillations if G() + G = 0 and B() + B = 0 (see Ref.
[26], p. 98). An LC-oscillator can be schematically represented,
in ﬁrst approximation, as in Fig. A1b, where we assume that
the losses in the LC-resonator are mainly due to the coil series
resistance RL. The combination of the LC-resonator and the negative resistance (R) constitute the LC-oscillator. The negative
resistance (R) compensate for the losses into the coil series

L

GðÞ ¼  1R ;

BðÞ ¼ 0:

ðA1Þ

From the condition B = B() = 0, we obtain a condition on the
frequency x. This corresponds to the oscillation frequency of the
LC-oscillator with losses and it is given by
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xLC;OSC

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 C
¼ xLC 1  L ;
L

ðA2Þ

pﬃﬃﬃﬃﬃﬃ
where xLC ¼ 1= LC is the oscillation frequency of the LC-oscillator
if the losses in the resonator are neglected. From the condition
G() + G = 0 we obtain a condition on the negative resistance value.
At the oscillation frequency of the LC-oscillator (i.e., for x = xLC,OSC)
we obtain R = Q2RL, where Q  xLCL/R is the quality factor of the resonant circuit.
In a complementary-metal–oxide–semiconductor (CMOS)
technology the negative resistance is often implemented with a
cross-coupled pair of metal–oxide–semiconductor-ﬁeld-effecttransistors (MOSFETs) as shown in Fig. A1c (see Ref. [27], p. 516).
The admittance of the cross-coupled pair of transistors is Y() = gm/2 where gm is the transconductance of each of the two identical MOSFETs (see Ref. [27], p. 516). The transconductance gm is a
real positive quantity which depends, among others parameters,
on the ratio width/length of the transistors, the carrier mobility,
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the Bloch equation, the complex susceptibility of a spin ensemble
can be written as v ¼ v0  jv00 where

1
DxT 22
x0 v0 ;
2 1 þ ðT 2 DxÞ2 þ c2e B21 T 1 T 2
1
T2
¼
x0 v0 :
2 1 þ ðT 2 DxÞ2 þ c2e B21 T 1 T 2

v0 ¼ 
v00

ðA3Þ

The impedance of a coil ﬁlled with a material having susceptibility v is (see Ref. [29], p. 75 or Ref. [30], p. 37)

Z v ¼ jxLð1 þ gvÞ þ R ¼ jxLv þ Rv ;

ðA4Þ

where Lv = L(1 + gv ) and Rv ¼ R þ xLgv . L and R are the inductance and the resistance of the coil without the sample, respectively. The ﬁlling factor g is given by
0

g¼

Z

jBu ðxÞj2 dx3 =

Vs

00

Z

jBu ðxÞj2 dx3



ﬃ ðV s =V c Þ;

ðA5Þ

V

where Vs is the sample volume, V is the entire space, Vc is the sensitive volume of the coil, and Bu is the ﬁeld produced by a unitary
current in the coil (in T/A).
From Eq. (A2) we have, consequently, that the oscillation frequency of an LC-oscillator coupled with an ensemble of electron
spins is given by

1
xLC;OSC;v ¼ pﬃﬃﬃﬃﬃﬃﬃﬃ
Lv C

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2v C
1
:
Lv

ðA6Þ

Since in most of the experimental conditions we have that
ðR2v C=Lv Þ  1, we ﬁnally have

1
xLC
;
xLC;OSC;v ﬃ pﬃﬃﬃﬃﬃﬃﬃﬃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Lv C
1 þ gv0

ðA7Þ

which is the equation that we have used to compute the oscillation
frequency of an LC-oscillator coupled with an ensemble of electron
spins (i.e., Eq. (1) of the main text).
Fig. A1. (a) Schematic representation of a generic oscillator, (b) schematic
representation of an LC-oscillator, (c) negative resistance realized with a crosscoupled pair of MOSFETs.

Appendix B. Frequency pulling for an LC-oscillator coupled with
an ensemble of spins
Fig. B1a shows a circuit consisting of an inductor coupled with an
LC-resonator with losses. The impedance of this circuit if given by

Z L;2 ¼ jxL

!
1 2 2
2L2 =R2
DxðL2 =R2 Þ2 2f
;
þ x LK
j
2
1 þ f 2 ððL2 =R2 ÞDxÞ2
1 þ f 2 ððL2 =R2 ÞDxÞ2
ðB1Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where x2 ¼ 1= L2 C 2 , Dx = x  x2, f = (2x2 + Dx)/(x2 + Dx). For
Dx  x2 we have that f ﬃ 2 and, consequently,

Z L;2 ﬃ jxL

!
1
2L2 =R2
Dxð2L2 =R2 Þ2
:
þ x2 LK 2

j
2
1 þ ðð2L2 =R2 ÞDxÞ2
1 þ ðð2L2 =R2 ÞDxÞ2
ðB2Þ

Fig. B1. (a) Equivalent electrical circuit for a coil coupled with a spin ensemble
described by the Bloch equation with a non-saturating steady state excitation, (b)
an LC-oscillator coupled with a LC-resonator.

and the gate oxide capacitance per unit of area (see Ref. [28], p. 91).
The oscillation condition R = Q2RL is, consequently, given by gmRLQ2 = 2. In practical circuits gm must be larger than (2/Q2RL) to sustain stable oscillation (see Ref. [27], p. 517).
The magnetization dynamics of an ensemble of spins can be described, in ﬁrst approximation, by the Bloch phenomenological
equation (see Ref. [29], p. 45). From the steady state solution of

As shown in Appendix A, the impedance of a coil containing an
ensemble of spins is

Z v ¼ jxLv þ Rv
¼ jxL
þ

x2 Lgv0

T2

2

1 þ ðT 2 DxÞ2 þ c2e B21 T 1 T 2

j

!

DxT 22
1 þ ðT 2 DxÞ2 þ c2e B21 T 1 T 2

:

ðB3Þ
In condition of negligible saturation of the spin ensemble (i.e.,
for c2e B21 T 1 T 2  1) we have
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Z v ﬃ jxL v þ Rv

x Lgv0

T2

2

1 þ ðT 2 DxÞ2

2

¼ jxL þ

j

Dx

T 22

1 þ ðT 2 DxÞ2

!
:

ðB4Þ

From the comparison of Eq. (B2) with Eq. (B4) we can state that
a coil containing an ensemble of spins can be modelled by a coil
coupled with an RLC series resonator with the following
conditions:

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ce B0 ¼ 1= L2 C 2 ;
T 2 ¼ 2L2 =R2 ;

ðB5Þ

gv0 ¼ K 2 :
Fig. B1b shows an LC-oscillator coupled with an LC-resonator. In
this purely electrical coupled system the so-called frequency pulling phenomenon is observed if the inductive coupling between the
oscillator and the resonator K is larger than a critical value Kcr =
R2/x2L2 (see Ref. [26], p. 110). For a coupling stronger than the critical coupling the oscillation frequency of the oscillator–resonator
system shows a hysteretic behaviour with sharp transitions with
respect to a variation of the resonator frequency x2, the same
behaviour that we observe in this work for a LC-oscillator coupled
with a spin ensemble with respect to a variation of the magnetic
ﬁeld B0 (which determines a variation of the spin ensemble resonance frequency x0 = cB0). As shown above an ensemble of spins
can be modelled by an LC-resonator coupled with a coil with a coupling factor K2 = gv0. The critical coupling is, hence, given by
Kcr = 2/T2x0 and the condition K P Kcr corresponds to
(gv0)1/2T2x0 P 2. This is the condition that determines, in condition of negligible saturation, the onset of the hysteresis and the
sharp transitions in the solution of Eq. (1). Thisp
condition
isp
mathﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃ
ematically
equivalent
to the condition g c ﬃ l l0 x=2
hV c N p ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
l l0 xnp g=2h P c where c ﬃ 1/T2 and np is the density of polarized spins in the sample (in spins/m3).

Appendix C. Oscillator linewidth compression
The effective half linewidth for an LC-oscillator and an LC-resonator are given by j ﬃ r(x/2Q) and j ﬃ x/2Q, respectively [21]. For
an LC-oscillator with phase noise dominated by the thermal noise
of the LC-resonator circuit, the linewidth compression ratio r is given by r ¼ ð1=V 20 ÞðkB T=CÞ, where C is the LC-resonator capacitance,
T is the temperature, Q is the LC-resonator quality factor, and V0 is
the oscillation voltage amplitude [21]. For r  1 the active positive
feedback in the oscillator allows to achieve more easily the strong
coupling regime with respect to the corresponding resonator.
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The sample used in the measurements reported in Figs. 5 and 6
are particles of 1:1 a,c-bisdiphenylene-b-phenylallyl/benzene
complex (BDPA with benzene, Aldrich 152560) without any further
treatment.
Appendix E. Comparison between theoretical and experimental
results
As shown in Figs. 4d, 5b, and 6b the experimental results for the
frequency variation DfLC,PP and the hysteresis width DB0,H are up to
a factor four smaller than the values obtained by solving Eq. (1)
with the parameters given in the ﬁgure caption. The agreement improves only marginally by considering that the B1 amplitude and
direction is non-uniform over the sample volume. The difference
between the experimental and simulated results is probably due
to the uncertainty on the values of T1, B1, spin density, and sample
volume. The relaxation time T1 for DPPH varies by an order of magnitude depending on the solvent in which the samples are crystallized [32–35]. This, in turn, inﬂuences also the estimation of B1 by
linewidth broadening experiments. The spin density value for
DPPH reported in the literature varies by about 50%, from
1.5  1027 to 2.3  1027 spins/m3 [18,31,32]. The spin density and
relaxation times for the BDPA sample used in the simulations
(i.e., n = 1.5  1027 spins/m3 and T1 = T2 = 100 ns) are, respectively,
obtained from the density value of 1220 kg/m3 as reported in
Ref. [36], and the relaxation time values as reported in Ref.
[35,37]. For both samples, the error in the estimation of their volume is in the order of ±30%. Several sets of reasonable values for
these parameters (i.e., T1, T2, B1, spin density, and sample volume)
can produce simulation results that ﬁt the experimental results
within a factor of two, although none is capable to produce a better
agreement. This might be due to the intrinsic fact that Eq. (1) is obtained assuming that the Bloch equation is valid and that the LCoscillator frequency is given by Eq. (A2). Nevertheless, the simple
theory proposed here describes, at least semi-quantitatively, the
phenomena observed in this work. An interesting future work
might be the theoretical and experimental investigation of the
strong coupling regime using our LC-oscillator approach with
ensemble of spins where the Bloch equation (and, consequently,
Eq. (1)) is not applicable and a quantum mechanical approach
might be required to describe the spin ensemble behaviour.
Appendix F. Spin sensitivity and strong coupling at low
temperatures
In Refs. [19,20] we derived the following equation for the spin
sensitivity (in spins/Hz1/2)

pﬃﬃﬃ sﬃﬃﬃﬃﬃ
T 3=2 R T 1
;
ﬃa 2
T2
B0 Bu

Appendix D. Sample preparation

Nmin

The sample used in the measurements reported in Fig. 4 is a single crystal of 2,2-diphenyl-1-picrylhydrazyl (DPPH, Aldrich
D9132), obtained by slow evaporation at room temperature in air
of a solution of DPPH in ether (0.13% in volume of DPPH). The solution is placed in a 2 mL container closed with a cap having a hole of
about 0.16 mm in diameter. With this procedure (similar to that
reported in Ref. [31]) single crystal needles having dimensions of
the order of 500  200  100 lm3 are obtained in about 4 days.
The use of single crystals instead of grains is not essential but it
helps for a more precise evaluation of the sample volume (we observed hysteresis and sharp transitions also with DPPH grains as
received from Aldrich). The value of T2 for the obtained crystals,
evaluated from linewidth measurements at low B1 using a conventional electron spin resonance spectrometer, is 56 ± 4 ns at 300 K
as well as 77 K.

where R is the coil series resistance, Bu is the coil unitary ﬁeld, T is
the coil (and sample) temperature, and a ﬃ 20 m1 kg5/2 s4 K3/2
A3. Assuming T = 1 K, T1 = T2 = 10 ls, R = 1 X, fLC = 280 GHz,
Bu = 0.13 T/A (i.e., a single turn coil with a diameter of 10 lm),
and j ﬃ 104 rad/s, we obtain Nmin ﬃ 1 spin/Hz1/2, c ﬃ 105 rad/s,
and, for a single spin, gc ﬃ 105 rad/s. Under these assumptions the
spin sensitivity and the coupling parameters are at the limit of
allowing the detection of a single spin in the strong coupling regime. Here we discuss these assumptions in some details:
(1) T = 1 K: Despite of impurity freeze-out problems, several
CMOS integrated circuits have shown to be still operative
down to 4 K at least [38–40].
(2) T1 ﬃ T2 ﬃ 10 ls: T1 is often much longer than T2 at low temperatures. Moreover, relaxation times of 10 ls require
B1 < 1 lT to avoid signiﬁcant saturation, and, consequently,

ðF1Þ
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microwave currents below 10 lA for a 10 lm diameter single turn coil. This would in turn require bias currents in the
oscillator which can hardly produce a sufﬁciently large
transconductance in the MOS transistors to sustain stable
oscillations, at least with the oscillator topology that we
are currently using [27]. This is certainly the most critical
assumption and will require careful design of the oscillator
topology.
(3) R = 1 X: A single turn coil having a diameter of 10 lm, a wire
width of 1 lm, a conservative impurity limited resistivity
q1K ﬃ (1/10)q300K ﬃ 2  109 X m, and a skin depth limited
effective thickness of t = 80 nm, will have a resistance
R1K,280GHz ﬃ 0.8 X.
(4) fLC = 280 GHz: Operation at 280 GHz should also be feasible
(a 300 GHz integrated silicon LC-oscillator has been recently
demonstrated [41]).
(5) j ﬃ 104 rad/s: The assumption of an oscillator linewidth
j ﬃ 104 rad/s at 1 K and 280 GHz (i.e., similar to the value
reported in this paper at 300 K and 20 GHz) is realistic (the
oscillator linewidth is proportional to the frequency noise
spectral density which, in turn, is proportional to x2LC T [20]).
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