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V. READOUT

A. Relevance and Example

As discussed in section I, the quantum processor con-
verts the initial state |ψ(0)〉 into a final state

|ψfin〉 = c0|0, 0, 0...0〉+ c1|0, 0, 0...1〉+ c2...

that contains the solution of the problem being inves-
tigated. The sum runs over all 2N states, where N is
the number of qubits.
According to this formal analysis, the result of the
computation is contained in the 2N coefficients ci that
determine the final state. However, the final result of
any useful computation should have a numerical or
Boolean logic value, such as true or false or 37. We
therefore discuss here how to convert the final state
of the computation (after the last unitary transforma-
tion) into the desired result.
Like the initialization process, the readout is a nonuni-
tary operation that cannot be reversed: The wave-
function of the quantum register collapses during
readout, becoming classical.
As an example readout process consider a function
evaluation (such as in the Deutsch-Josza problem).
Here the processing can be written as

|ψ0〉 =
∑
x

|x, 0〉 ⇒ |ψfin〉 =
∑
x

|x, f(x)〉,

where the superposition of all possible input states is
transformed into a superposition of all possible input
states and function values. As discussed in section
IV, the goal of the DJ algorithm is to learn, with a
single function call, wether a function is constant of
balanced. Apparently the readout of the desired result
from this superposition state is a nontrivial task.
Specializing to a single qubit, the algorithm starts
with the superposition state of both input and out-
put register

|ψ0〉 = |0〉|0〉 − |1〉|0〉 − |0〉|1〉+ |1〉|1〉

After the function evaluation, this state is turned into

|ψ1〉 = |0〉|f(0)〉 − |1〉|f(1)〉 − |0〉|f̄(0)〉+ |1〉|f̄(1)〉

if the two function values are the same, f(0) = f(1),
then

|ψeq〉 = |0〉|f(0)〉 − |1〉|f(0)〉 − |0〉|f̄(0)〉+ |1〉|f̄(0)〉

= (|0〉 − |1〉)(|f(0)〉 − |f̄(0)〉),

but if they are different, f(0) 6= f(1) = f̄(0),

|ψne〉 = |0〉|f(0)〉 − |1〉f̄(0)− |0〉|f̄(0)〉+ |1〉|f(0)〉

= (|0〉+ |1〉)(|f(0)〉 − |f̄(0)〉).

In this trivial example, the type of measurement that
must be performed is obvious: The input register is

in an eigenstate of σx. Its eigenvalue is +1 if the two
possible function values ar different (i.e. the function
is balanced) or -1 if the two values are the same (i.e.
the function is constant). Obviously the result can be
determined from the single measurement of the vari-
able Ix of qubit 1.
The example shows that (for a single qubit) a sin-
gle measurement is sufficient to determine the result
(constant of balanced). This power does not come for
free: while one gains this ability, one loses the possi-
bility to find out what these values are, i.e. wether the
(constant) results are 0, 0 or 1, 1 or (for the case of a
balanced function) f(0) = 0 and f(1) = 1 or f(0) = 1
and f(1) = 0.
The complete information that is contained in the fi-
nal state are the 2N coefficients ci that define the su-
perposition. Some sources claim that it is impossible
to determine all these coefficients. This is not true,
however, and we will give some examples for simple
systems where this has been done. However, to deter-
mine all 2N coefficients requires at least 2N measure-
ments, i.e. an effort that increases exponentially with
the number of qubits. Obviously this is not possible
without loosing the advantage of quantum computers.
Furthermore it can be difficult to make measurements
that are state-selective, since such measurements must
act on all N qubits simultaneously. Instead one usu-
ally is content with measurements on single qubits,
which are often referred to as local measurements.

B. Quantum Mechanical Projection Postulate

The projection postulate is one of the fundamental
assumptions on which quantum mechanics is based. It
assumes that an ideal measurement brings a particle
into the eigentstate ψi of the measurement operator
A, where ai is the corresponding eigenvalue, which
we assume to be nondegnerate. We cannot predict in
general which of the eigenstates will be realised, but
the probability of the realisation of each state is

pi = |〈ψi|ψfin〉|2

The observable that is used for this readout process
must be adapted to the system used to implement the
quantum computer as well as to the algorithm. A
typical measurement would be the decision if qubit i
is in state |0〉 or |1〉. The corresponding measurement
operator may be written as Siz, i.e. as the z Pauli
operator acting on qubit i, with (e.g.) the positive
eigenvalue indicating that the qubit is in state |0〉 and
the negative eigenvalue labeling state |1〉.
The usual treatment of measurement processes is due
to von Neumann and is best pictured as a generalized
Stern-Gerlach experiment: The measurement appara-
tus separates the particles according to their internal
quantum states. In this picture it is obvious that the
measurements are local, i.e. the results for the individ-
ual particles do not depend on the state of the other
particles. Obviously the complete absence of interac-
tions is not representative for a quantum computer.
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FIG. V.1: Stern-Gerlach experiment.

FIG. V.2: Pictorial representation of the coupling mecha-
nism during the measurement process.

For this simple example, it is relatively straightfor-
ward to see how the inhomogeneous field separates
the different particles according to their orientation:
A particle whose north pole is closer to the south pole
of the magnet has a lower energy than the particle
with the opposite orientation - it’s potential energy
is negative. It can further lower its energy by mov-
ing farther into the high field region and is therefore
deflected upwards, while the oppositely oriented par-
ticle is deflected down. Transferred into the quantum
mechanical context, particles will follow different tra-
jectories depending on their spin state.
If we want to describe the result of a sequence of mea-
surements, where different realizations of eigenstates
may occur, it is more convenient to use a density oper-
ator description. Since the measurement projects the
system into an eigenstate of the observable, the result-
ing density operator (which describes the ensemble of
the measurement outcomes) is diagonal in the basis
of these eigenstates. The measurement process corre-
sponds to a nonunitary evolution

ρ⇒
∑
i

AiρAi,

where the Ai = |ψi〉〈ψi| are the projection operators
onto the eigenstates ψi of the observable A, i.e. op-

erators with a single 1 on the diagonal and zeroes ev-
erywhere else.
Apparently the measurement process simply elimi-
nates all off-diagonal elements of the density operator
in the basis of the observable (which is usually also
an eigenbase of the Hamiltonian). This implies that
the result of the measurement process will be a mixed
state, unless the system was already in an eigenstate
of A.
We will give some more details of the measurement
process below; before that we put it in a historical
and philosophical context.

C. The Copenhagen Interpretation

The conventional interpretation of this measurement
process is due to Bohr and coworkers and known as the
”Copenhagen Interpretation” of quantum mechanics.
It can be summarised with a few fundamental assump-
tions (see Gif. V.3).

The Copenhagen Interpretation
• Quantum mechanics describes individual systems.

• Quantum mechanical probabilities are primry, i.e. they cannot be
derived from a deterministic theory (like statistical mechanics)

• The world must be divided into two parts. The object under study
must be described quantum mechanically, the remaining part,

which includes the measurement apparatus, is classical. The cut
between system and measurement apparatus can by made at an

arbitrary position.

• The observation process is irreversible.

• Complementary properties cannot be measured simultaneously.

Original Literature:
W. Heisenberg, 'Über den anschaulichen Inhalt der quantentheoretischen

Kinematik und Mechanik', Z. Phys. 43, 172-198 (1927).

N. Bohr, 'The quantum postulate and the recent development in atomic
theory', Nature 121, 580-590 (1928).

W. Heisenberg, 'Physik und Philosophie', Hirzel, Stuttgart (1958).

N. Bohr, Naturwissenschaftliche Rundschau 13, 252-255 (1960).

FIG. V.3: Summary of the Copenhagen interpretation of
the quantum mechanical measurement process.

The Copenhagen interpretation has the advantage
that it is relatively simple and internally consistent.
It cannot satisfy from an esthetic point of view, since
it implies two different types of evolution: the ”nor-
mal” unitary evolution of the Schrödinger equation
and the nonunitary of the measurement process. In
the strict sense, it implies that quantum mechanical
systems cannot be attributed real properties; instead,
it represents ”only” a theory about the possible out-
comes of measurements and their probabilities.
These deficiencies have prompted many researchers to
look for better alternatives and / or to check some
of the fundamental assumptions for their validity. A
more detailed model that tries to integrate the mea-
surement process with the unitary evolution under the
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Aus W. Zurek, “Decoherence and the transition from quantum to classical,
Physics Today, October 1991.

FIG. V.4: Separation of the world into a quantum me-
chanical / classical regions.

Schrödinger equation and avoids the splitting of the
universe into a quantum mechanical and a classical
part, is due to Johann von Neumann.

D. Von Neumann’s Model

In his model, the system S is coupled to an appara-
tus A. For a simple 2-level system the basis states are
ψa and ψb, the eigenstates of a system observable OS .
The measurement should determine if the system is in
state ψa or ψb. To obtain a quantum mechanical de-
scription of the measurement process, we also describe
the apparatus as a two-level system. The eigenstates
are written as ξa and ξb and correspond to the ap-
paratus indicating that the system is in state ψa and
ψb, respectively. A corresponding observable acting
on the apparatus can be written as OA.
According to von Neumann, the measurement process
involves coupling the system to the measurement ap-
paratus through an interaction of the type

Hint = OAB,

where OA is the observable to be measured and B is a
variable of the measurement apparatus. The system
thus drives the motion of the measurement appara-
tus and in the idealized process, the eigenvalues of A
can be read off a ”pointer variable” of the measure-
ment apparatus, which is treated classically. One usu-
ally assumes that the observable OA that one tries to
measure commutes with the Hamiltonian of the sys-
tem. In the case of the Stern-Gerlach experiment, the
observable OA is the z-component of the spin opera-
tor Sz, and the pointer variable is the position z along
the field direction.
Before the measurement process, the total (system
and apparatus) can be described as a state without
correlations between system and apparatus. The two
parts can thus be described individually by the states
ψ = (caψa+cbψb) (which is not known) and ξ and the
combination by the product state

ψ ⊗ ξ = (caψa + cbψb)⊗ ξ

The interaction between system and apparatus must
be such that it drives the evolution as

ψa ⊗ ξ → ψa ⊗ ξa

and

ψb ⊗ ξ → ψb ⊗ ξb

Since the evolution is linear, the superposition state
evolves as

(caψa + cbψb)⊗ ξ → caψa ⊗ ξa + cbψb ⊗ ξb.

Apparently the system is still in a superposition state,
but it is now entangled between system and appara-
tus. Von Neumann’s model does not generate a re-
duction of the wavepacket. This is a necessary conse-
quence of the unitary evolution. The reduction only
occurs if we assume in addition that the apparatus is
a classical system, where a reduction MUST occur. A
reduction of the wavfunction component for the ap-
paratus into (e.g.) ξa then also causes a reduction of
the system state into ψa.
While the wavefunction reduction is therefore not ex-
plained, it has been shifted farther away from the
system. According to von Neumann’s understanding,
the final reduction occurs in the mind of the observer.
While this is therefore not a full resolution of the mea-
surement paradox, it improves the situation: Since
the apparatus is very complex in terms of a quantum
mechanical description, the collapse of its wavefunc-
tion is very fast. Furthermore, since it does not di-
rectly involve the system, some inconsistency is easier
to accept. Nevertheless, one major issue remains un-
resolved in von Neumann’s model (as well as in all
others): We only obtain probabilities from the quan-
tum mechanical description, i.e. we cannot predict
the result of individual measurements.
An extension of the von Neumann measurement that
is sometimes used in the context of quantum infor-
mation processing and communication is the positive
operator-valued measure (POVM), where the states
that form the basis for the measurement are not or-
thogonal. The corresponding projection operators
still must sum up to unity.

E. Entanglement

Entanglement (German: Verschraenkung) is one of
the characteristics of quantum mechanics that distin-
guishes it from classical physics. It describes the ex-
perimental fact that some properties of a quantum
mechanical system cannot be described in terms of
properties of independent, spatially separated subsys-
tems, even if these subsystems do not interact.
While correlations between classical particles are well
known, quantum correlations go beyond this. The
best known type of correlations are those considered
by Einstein Podolsky and Rosen in their famous paper
[40] where they contended that quantum mechanics
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was incomplete. It can be discussed classically: a par-
ticle that is at rest (p = 0) at position x = 0 decays
into two equal particles. Conservation of momentum
requires that these two particles move apart with op-
posite momentum (p1 = −p2), so that their position
and momentum remain exactly anticorrelated for all
times.
A better known variant of EPR correlations is due to
Bohm and Aharonov [41] who proposed to use angu-
lar momentum components as noncommuting observ-
ables rather than momentum and position. In their
example, two photons (e.g.) are created in a singulet
state and move apart. If any spin component is mea-
sured on the two particles, the results will always be
anticorrelated.
While this type of correlations exist in classical sys-
tems also (we have no problems understanding the
example given), there are quantum correlations that
have no classical analog. In the system defined by
Aharonov and Bohm, one has to measure spin com-
ponents on both particles with analysers that are not
in the same orientation to find these correlations.
A prescription for a measurement of quantum corre-
lations that has no classical analog was given by John
Bell [42, 43]. For this purpose, one has to make three
or more measurements at different angles between zero
and ninety degrees. For such an arrangement, he
could prove an inequality that must be satisfied for
all classical systems, but which is violated by quan-
tum mechanics.

FIG. V.5: Correlation experiment for the derivation of
Bell’s inequality.

Rather than discuss the original Bell inequality, we
briefly mention the version that was introduced by
Clauser, Horne, Shimony and Holt [44]. The consider
(see figure) two photons that are generated in a sin-
gulet state. They pass individually through polarising
beam splitters, whose orientation can be set individu-
ally, and the outputs are defined as having eigenvalues
±1.
The measurement results are described by the joint
probabilities P++(−→a ,

−→
b ), where −→a and

−→
b denote

the orientation of the two analyzers and P++ the
frequency of measuring + for both particles. Sim-
ilarly one defines P+−(−→a ,

−→
b ), P−+(−→a ,

−→
b ), and

P−−(−→a ,
−→
b ).

The correlation of the two measurements is then de-
fined as

E(−→a ,
−→
b ) =

FIG. V.6: Measurement of correlation coefficients.

P++(−→a ,
−→
b ),+P−−(−→a ,

−→
b )−P+−(−→a ,

−→
b )−P−+(−→a ,

−→
b ),

i.e. as the difference between equal and opposite re-
sults.
Choosing two different orientations −→a and

−→
a′ for par-

ticle 1 and
−→
b and

−→
b′ for particle 1, Bell defined the

function

S = E(−→a ,
−→
b )− E(−→a ,

−→
b′ ) + E(

−→
a′ ,
−→
b ) + E(

−→
a′ ,
−→
b′ )

Using classical probability theory, Bell could show
that for classical particles, the function S must sat-
isfy the inequality

−2 ≤ S ≤ 2,

independent of the orientation of the analysers.

FIG. V.7: Choice of orientations that maximize the viola-
tion of Bell’s inequality.

Quantum mechanics (and experiment) violate this in-
equality, however: for the specific choice

α = 0o, α′ = 45o, β = 22.5o, β′ = 67.5o,

one obtains

S = −2
√

2 < −2,

in contradiction to Bell’s inequalities.
The prediction was verified experimentally by a num-
ber of groups, most notably by Alain Aspect [45], who
used photon pairs that were created in a singulet state
by an atomic cascade.
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FIG. V.8: Quantum mechanical prediction (curve) and
experimental result (dots) for correlation coefficient.

The entanglement of different qubits can make it dif-
ficult to extract the information. Consider, e.g., a
maximally entangled state like

|ψ〉 =
1√
2

(|00〉+ |11〉).

Any measurement on a single qubit on this state will
give completely random results, i.e. no information.
The entanglement therefore hides the information for
local measurements.

F. Measurement Strategies

Most quantum algorithms require a readout of the
state of each qubit independent of all other qubits.
This readout should provide a reliable information of
the final state. As discussed above, this will not allow
a complete determination of the state. Consider, r.g.,
the two states

|ψ1〉 =
1√
2

(|00〉+ |11〉).

and

|ψ2〉 =
1
2

(|00〉+ |01〉+ |10〉+ |11〉).

They will in 50% of all cases yield |0〉 and in the
other 50% one if the qubits are measured indepen-
dently. Obviously the two cases can be distinguished
by taking correlations into account: In the first case,
measurements on the individual spins always yield the
same result; in the second case, they are completely
uncorrelated.
Experimental readout schemes can never be 100% effi-
cient, since photons may be lost, detectors have noise
or dark counts. One therefore should be able to repeat
the measurement to increase the probability for cor-
rect results. The main difficulty for this is that every

measurement changes the state of the system: as dis-
cussed above, after the measurement the system is no
longer in the state that resulted from the computation,
but in a mixed state. It is therefore not immediately
obvious that a second measurement yields the same
result.
Several strategies are possible to circumvent this prob-
lem: one can try to use a QND (=quantum nondemo-
lition measurement). Such a measurement arranges
for the unavoidable influence that the measurement
must have on the qubit to be such that it does not
affect later measurements of the same variable. Not
all variables can be measured this way, but in most
cases it should be possible to arrange the system in
such a way that QND measurements can be used at
least in principle.
Another possibility is to read out not the qubit itself,
but a copy of it. If the measurement is not successful,
or to check the validity of the measurement result, one
can then make an additional copy and read that out.
Such a procedure could be repeated many times to
achieve very reliable readout even with very unreliable
single measurements.
The critical part here is the copy operation, which
must be reliable. As we have stressed before, it is not
possible to clone a quantum mechanical state, i.e. to
make a perfect copy. However, copying just the infor-
mation of a quantum mechanical state that is relevant
for the readout of a specific variable is perfectly pos-
sible (in principle!) and can be repeated arbitrarily
often. As an example, the operation

CNOT |x, 0〉 = |x, x〉 for x = 0, 1

copies the first bit into the second, which must be
initialized to zero.
If the qubit |q〉 is in a superposition state

|q〉 = a|0〉+ b|1〉 =
(
a
b

)
,

it is coupled to a measurement qubit |m〉 = |0〉 to the
product state

|q〉|m〉 = (a|0〉+ b|1〉)|0〉 =

 a
0
b
0

 ,

and the CNOT operation turns it into

CNOT

 a
0
b
0

 =

 a
0
0
b

 = (a|0〉|0〉+ b|1〉|1〉).

A measurement can now be performed either on the
qubit |q〉 itself or on the measurement qubit |m〉. If
the measurement yields a result (i.e. finds that the
measurement qubit is in state |0〉 or |1〉, it collapses
the wavefunction of both qubits simultaneously. If
it does not provide a result, one has the option of
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discarding the qubit. This corresponds to eliminating
its degrees of freedom and leaves the qubit in the state

|q〉 = a′|0〉+ b′|1〉 =
(
a′

b′

)
,

which is almost equal to the original state. The differ-
ence between the coefficients a′ = aeiφa and b′ = beiφb

of this final state and the coefficients before the copy
operation is that the readout of the measurement
qubit |m〉 changes the phase of the coefficients a and b
by arbitrary values. It does not, however, change the
absolute values |a′|2 = |a|2 and |b′|2 = |b|2 and there-
fore the probabilities for later measurement attempts.

G. Ion Traps

FIG. V.9: Ions in a linear trap.

Atomic ions permit a relatively straightforward read-
out provided the qubit has been properly identified.
As the figure shows, the ions are (relatively) easily dis-
tinguished. Identification of the qubits is by their po-
sition in the trap. Compared to the picture, an actual
readout has to make the fluorescence state-selective:
one wants, e.g., to see only those ions that are in the
|0〉 state.
Since the lifetime of the states that are used for storing
the quantum information must be large, they do not
emit radiation spontaneously. However, an excellent
possibility is to excite the atom from the state that
is to be measured to an electronically excited state
from where it can emit a photon, which can be de-
tected as a signature of the atom having been in the
corresponding ground state.
Since the detection efficiency for a single photon is
relatively low, it is unlikely that a single photon ab-
sorption leads to a detection. It is therefore necessary
to repeatedly scatter photons from the atom. Since
the procedure must also be selective, the procedure
requires that the atom always returns into the orig-
inal state; the individual measurement can then be
considered a QND process, since it does not affect the
relevant observable, i.e. the population of the atomic
state, although it completely randomises its phase.
The figure shows a typical atomic level scheme for an
alkali atom or earth alkali ion, containing a large num-
ber of allowed transitions. A transition that assures

F=2

F=1

F=3

|0>
|1>

FIG. V.10: Example of a cycling transition for the mea-
surement of state |0〉.

that the atom returns to the initial state after absorp-
tion of a photon and is therefore suited for a QND
measurement is known as a cycling transition: the ion
is cycled repeatedly through the same pair of levels,
each time scattering a photon from the laser beam. In
the example shown in the figure, such a transition can
be realized for the |0〉 = |F = 2,mF = 2〉 state by irra-
diating it with circularly polarized light: the atom can
only absorb light from the circularly polarised laser
beam by going to the excited |F = 3,mF = 3〉 state.
Similarly, the excited state can only decay to state
|0〉, since all other transitions are forbidden by angu-
lar momentum conservation. If the number of such
cycles is high enough, the state of the atom can be
detected with high probability.

FIG. V.11: Quantum jumps indicate changes of the inter-
nal quantum state of the ion.

The detection scheme sketched here only provides
a measure of the atom being in state |0〉; a simi-
lar measurement of state |1〉 is not possible for the
level scheme shown in the figure. The complementary
measurement of the atom being in state |1〉 can be
achieved in different ways. The first possibility is to
take the absence of a result for the state |0〉 measure-
ment as a measurement of the atom being in state |1〉.
This is possible since the system (under ideal condi-
tions) must be either in state |0〉 or state |1〉. A second
possibility is to perform first the measurement of state
|0〉 and then apply a logical NOT operation and a
second measurement of state |0〉. Since the NOT oper-



45

ation interchanges the two states, a subsequent mea-
surement of the state |0〉 is logically equivalent to a
measurement of state |1〉 before the NOT operation.

H. The Quantum Zeno Effect

Zeno of Elea (ca. 490 - 430 b.C., southern Italy) was
a student of Parmenides. He stated a number of para-
doxa to defend the teachings of Parmenides, in partic-
ular the statement that motion is impossible and more
than one thing cannot exist. One well known paradox
is that of the race between Achilles and the tortoise.
Achilles (the fastest man in antiquity) is ten times as
fast as the tortoise. Nevertheless he cannot overtake
her if she gets a head start of (e.g.) 10 m: Achilles
first must cover these 10 m. During this time, the
tortoise moves 1 m and is therefore still ahead. While
he covers this meter, the tortoise moves another 0.1
m and so on, always staying ahead.
Another motion paradox ”proves” that a body cannot
move from A to B: for this, it would first have to move
to the middle of the distance. For this it first would
have to move to the middle of the first half etc.
While these paradoxa are easily resolved, similar sit-
uations exist in quantum mechanics that are real.
They have been discussed under the heading ”quan-
tum Zeno effect”, although they cannot really be con-
sidered paradoxa.
We consider the evolution of a state that is initially
(at t=0) prepared into the state |ψi〉, which is an
eigenstate of operator A with eigenvalue ai. The state
evolves under the influence of a Hamiltonian H, which
does not commute with A. A possible example would
be that the Hamiltonian is ∝ Iz and the observable is
Ix. A measurement with A of the system after some
time τ will then in general yield a result that is differ-
ent from ai.
For the spin system, we can consider a spin in the
mx = +1/2 eigenstate of Ix evolving in a magnetic
field B0||z. The probability that a subsequent mea-
surement at time t also finds the eigenvalue +1/2 is
then

p+ =
1
2

(1 + cos(ωLt)),

while the probability to obtain the opposite result ist

p− =
1
2

(1− cos(ωLt)).

If such a measurement is performed, the projection
postulate states that after the measurement the sys-
tem is in an eigenstate of A. If the measurement
yielded the result +1/2, the system is again in the
same initial state, and the evolution starts out again
with the same time dependence. The important point
is that the first derivative of the time dependence,

d

dt
p+|t=0 = 0

vanishes after the projection: the system therefore
does not change during short times. If the measure-
ment is repeated on a time scale that is fast compared

to the Larmor precession, the actual evolution can
therefore be described as a quasi-linear process, with
the time scale determined by the product of Larmor
frequency and measurement interval.

-1

0

1

Time / a.u.

0
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19 Measurements

FIG. V.12: Quantum Zeno effect: the decay of a state
becomes slower with the number of readouts.

As the measurement interval decreases, the evolution
of the system becomes quasi-linear. If a series of mea-
surements is repeated with a separation (in time) of τ ,
the probability that n measurements in sequence will
always find the system in state mx = +1/2 becomes

p+ =
1
2n

(1 + cos(ωLτ))n.

For short measurement intervales, ωLτ � 1 this can
be expanded as

p+ ≈ (1− ω2
Lτ

2

4
)n.

Using the expansion

(1− ε)n ' e−nε

the time evolution can be written as

p+(nτ) = p+(t) = e−
ω2
Lτ

4
t.

The evolution is not only slower, it is also damped:
The system no longer shows precession, but moves
exponentially towards thermal equilibrium.
These general quantum mechanical predictions can
be verified experimentally e.g. for trapped ions [46].
Here, the state of the ion was measured by fluores-
cence: the laser for the excitation of the fluorescence
was switched on for the n measurements and the flu-
orescence was measured. With increasing number of
such measurements, a drastic decrease of the transi-
tion probability was found.
Clearly the slow-down of transition rates by measure-
ment cannot be universal. As an example consider an
atom that is initially in the excited state. A possible
measurement for the excited state population proba-
bility is a fluorescence measurement: as long as we do
not observe a fluorescence photon from this atom, we
know it is still in the excited state. If we only ”look”
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FIG. V.13: Quantum Zeno effect: slowing of transitions
for trapped ions.

at the atom often enough, it is therefore impossible
for the atom to decay. Similar arguments are used to
explain why the decay of the proton has not yet been
observed.
The main reason for this paradox is that the concept
of a quantum mechanical measurement is not estab-
lished with sufficient precision. A projection, i.e. a
reduction of the wavepacket, does not always occur
in ”standard” QM meausurements. If the interaction
is weak (such as ”looking” for a fluorescence photon),
the reduction does not occur. One important point
that must be considered is that an projective mea-
surement can only occur during a finite time interval,
which is longer the weaker the coupling to the ap-
paratus is. The projection postulate is well suited
to the Stern-Gerlach type experiment, but completely
unsuitable for experiments like NMR.

I. NMR
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FIG. V.14: Experimental detection of transverse magne-
tization in NMR.

Detection in magnetic resonance is best described in
a classical picture: the transverse components of the

spin generate a macroscopic magnetisation that pre-
cesses around the static magnetic field. The magnetic
flux through a coil oriented perpendicular to the field
changes therefore sinusoidally. According to Fara-
day’s law, such a temporal variation in the magnetic
flux induces a voltage in the coil, which is recorded as
the signal.
Obviously such a detection scheme is not compati-
ble with the usual description of a quantum mechan-
ical measurement, which involves the collapse of a
wavefunction. Instead, one observes the system con-
tinuously, without significantly affecting its behavior.
This difference is closely related to the fact that the
system is an ensemble, rather than the usually as-
sumed single particle system. In addition, the ob-
served quantity is not the population of some state,
i.e. < ψk|ψk >, but rather the evolution of a coher-
ence, i.e. |ψj >< ψk|.
There are cases in quantum computation, where the
readout process hinges on the collapse of a wavefunc-
tion. For those cases, which include Shor’s algorithm,
the algorithm must be modified when it is applied
to an NMR system. The non-existence of a collapse
is handled by appending an additional step, which is
polynomial in the number of bits and allows one to
obtain the result from ensemble measurements.
When a quantum algorithm requires the measurement
of populations, it can be trivially modified to allow
implementation on an NMR quantum computer: It
is straightforward to convert populations into coher-
ences that are directly proportional to the populations
and are directly observable.
Before we discuss these possibilities, we first check
which quantities are directly observable. The state

1√
2

(|0〉+ |1〉)⊗ |0 >

contains observable coherence (i.e. transverse magne-
tization), but not the state |0〉 or the state |1〉. While
the instantaneous observable is

∑
i I
i
x or

∑
i S

i
y, we

need to take into account that a NMR measurement
is not instantaneous; rather, one measures an FID sig-
nal over a total time of about a second. During this
period, the Zeeman part of the Hamiltonian turns Ix
and Iy into each other:

Hz : Ix → Iy → −Ix → −Iy → Ix.

Similarly, the coupling Hamiltonian causes evolutions
of the type

HIS : Ix → Ix(t) = e−iφIzSzIxe
iφIzSz = Ixcosφ+IySzsinφ

The resonance lines observed in an NMR spectrum
correspond to measures of the coherence in the al-
lowed transition, which are determined by the condi-
tions that

∆mi = ±1,∆mj = 0, i 6= j

one spin changes its magnetic quantum number, all
other spins remain. If other components of the den-
sity operator are to be measured, this is possible by
converting them into observable magnetization.
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FIG. V.15: Spectrum for two weakly coupled spins.

J. Measurements on Multi-Spin Systems

In a coupled spin system, as is used in NMR quan-
tum computing, one observes in general 2N resonance
lines, which all contain information about the quan-
tum mechanical state.

r before pulse

|00>

|01>

|10>

|11>

A X

A Spectrum
(selective pulse)

X Spectrum
(selective pulse)

AX Spectrum
(nonselective pulse)

|0> |1> |0> |1> A X

FIG. V.16: Signals in NMR readout for different spin
states.

As an example of the NMR readout, we consider the
AX system.
In a weakly coupled two-spin system, every transition
can be labeled with its spin and the state of the other
spin. The figure shows how the logical states of the
qubits can be turned into observable magnetization
by radio frequency pulses. The combination of the
initial state and the type of radio frequency pulses
determines the pattern of amplitudes in the observed
spectrum. A selective pulse is a pulse that affects only
one spin, while the other spins remain unaffected. RF
pulses are always selective between different types of
nuclei, but they can be made selective or nonselective
for nuclei of one species in different chemical environ-
ments.
A selective e−iπ/2Ax or e−iπ/2Ay rf pulse turns the
state |00 > into observable coherence

1√
2

(|0〉+ |1〉)|0〉

of the A spin. Similarly a e−iπ/2Xx or e−iπ/2Xy rf
pulse turns it into observable coherence

1√
2
|0〉(|0〉+ |1〉)

of the X spin. If the initial state is |10 >, the same
signals are observed on the A spin, but with opposite
phase. On the X spin, this initial state generates a

positive signal, but in the opposite transition. Simi-
lar observations are possible for the |01 > and |11 >
states.
In NMR one often prefers to write the passive spin
not in terms of occupied states, but as spin operators
Sx, Sy, orSz as basis operators for the expansion of the
density operator. The coherence of a single transition
can then be written as

ρ12 + ρ21 = (1 + Iz)⊗ Sx.

Similarly the other S-spin transition corresponds to
coherence

ρ34 + ρ43 = (1− Iz)⊗ Sx.

The sum of the two transitions is therefore

ρ12 + ρ21 + ρ34 + ρ43 = 1⊗ Sx.

Similarly we can take the difference, which corre-
sponds to one of the two lines in emission:

ρ12 + ρ21 − ρ34 − ρ43 = Iz ⊗ Sx,

which is the quantity that results from the coupled
evolution.

FIG. V.17: Examples of observed spectra for specific den-
sity operator components.

Some examples of the observed signals are summa-
rized in the figure. Obviously the system used here is
not ideally suited for quantum computing: the reso-
nance lines are not fully resolved, indicating that deco-
herence is active before a computation can be finished.
This scheme can easily be extended to more spins.

K. Quantum State Tomography

The single FID and associated spectra apparently pro-
vide 2N numbers as a result, equal to the number
of coefficients in an N spin system. The density op-
erator of the system contains additional information
(e.g. about the effect of decoherence, which can be
measured by an extension of this scheme. This proce-
dure is called ”quantum state tomography”, in refer-
ence to X-ray tomography, where a sequence of two-
dimensional pictures is taken to reconstruct the 3D
body being imaged.
The coherences that are directly observable with this
scheme are single quantum coheerences with ∆m =
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±1. Higher order (∆m > 1) and zero quantum coher-
ences (∆m = 0) do not generate an observable signal.
To make them observable, one can use radio frequency
pulses to transfer them into other elements of the den-
sity operator.
A systematic approach to measuring the full density
operator is described by Chuang et al. [47, 48]: The
simplest quantum state tomography procedure on a
two spin system involves nine runs, in which each nu-
cleus is either (i) left undisturbed, (ii) rotated with
a (π2 )x pulse or (iii) rotated with a (π2 )y pulse. As
one measures four resonance lines after each readout
sequence, one obtains a total of 36 amplitudes, which
suffice to determine the 16 density operator elements.

FIG. V.18: Theoretical and experimental density operator
components during Grover exeriment.

The figure shows a comparison between the experi-
mental and theoretical density operator elements dur-
ing a Grover search experiment [47]. Clearly the high-
est population is found for the |11〉 state.

L. Single spin readout

Single spin readout is not possible in liquid state
NMR, but has been achieved in solids [49, 50].

S0

l =
291 nm

|Y>

|X>

|Z>S1 T1

ISC

FIG. V.19: Schematics of optically detected magnetic res-
onance.

A much larger number of examples for single spin
detection has been published for electron spin reso-
nance (EPR) [49, 50, 51, 52, 53, 54]. These exper-
iments typically use fluroescence detection, in close
analogy to the state-selective detection experiments
of trapped ions. A laser drives a transition from the
singulet ground state to an optically excited triplet
state. Intersystem crossing transfers some of the pop-
ulation into the long-lived triplet state. The fluores-
cence yield depends on the spin state of intermedi-
ate triplet states; if states with long lifetimes become
populated, the fluorescnece yield drops; it can be re-
established by irrading the spins with a suitable radio-
frequency / microwve source. When the frequency
matched a transition between the triplet states, the
system can undergo a transition from the long-lived
triplet state to another state with a shorter lifetime
and fall back into the ground state from there. In
the example spectrum, the microwave frequency was
kept constant while the magnetic field was scanned
to bring different transitions into resonance with the
microwave frequency.

FIG. V.20: Schematics of setup for STM-detected EPR.

Another experimental approach to single spin detec-
tion uses an scanning tunneling microscope (STM)
[55, 56]. While the details of the experiment must
be considered unknown, it appears that the tunnel-
ing current contains an oscillating component at the
Larmor frequency if the tip is placed over a param-
agnetic molecule. The oscillating signal component
is separated from the dc component and fed into a
microwave spectrum analyzer.

FIG. V.21: Spatial distribution of STM-EPR signal on Si
surface. The red areas correspond to adsorbed molecules.

By setting the detection frequency to the EPR fre-
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quency, it is possible to map the spin density on the
surface. In this example [56], an organic radical BDPA
was deposited on a graphite surface. The images show
individual BDPA molecules.
Both techniques - optical and STM-EPR allow the
detection of individual electronic spins. While this
is not a readout of the spin state, it can be used as
such if the spin being detected is not the qubit to
be read out, but coupled to the computational qubit:
the coupling shifts the EPR frequency, allowing one
to detect the spin state of the computational qubit
through the EPR frequency of the readout qubit.

M. Superconducting qubits

box
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pulse gate1 mm

probedc gate

: tunnel junction
: capacitor

box
f

Rb,Cb

EJ,CJ

Vg

Vp

Vb

Cp
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FIG. V.22: Superconducting qubit.

Superconducting qubits typically contain dots or rings
isolated by Josephson junctions [57]. The two logical
states are distinguished either by a charge or by an
additional flux quantum. In this example, the qubit
is defined by the two lowest energy states of the ”box”.
They differ by a Cooper pair, i.e. by a charge 2e. The
relative energy can be tuned by the gate electrode.
The tunnel process through the Josephson junction
to the reservoir corresponds to a coupling between
the two pure charge states. If the gate is adjusted to

match the energies of the pure charge states, the tun-
neling creates a coherent exchange between them. A
coherent superposition of the two states can be created
by initialization of the system into the ground state
and then suddenly pulsing the pulse gate to equalize
the energy of the two states. Leaving them in the
degenerate states for a quarter of the tunneling cycle
time creates an equal superposition of the two states.
Readout can be performed for the charge-type quan-
tum dots by an SET, which is very sensitive to small
changes in the electric field or by a SQUID, which de-
tects small changes in magnetic flux. In the system
of Nakamura et al., the probe electrode was used for
readout. It is coupled to the box by a tunnel junc-
tion, which provides an escape route for excess elec-
trons in the box: if an excess Cooper pair is in the
box, a tunnel current is registered through the probe
gate. This electrode is also used to initialize the sys-
tem into the ground state. Since the coupling is an
efficient source of decoherence for the system, it will
have to be switched off for an actual quantum infor-
mation processing device.

FIG. V.23: Signal from superconducting qubit undergoing
Rabi oscillations as a function of control charge.

In the system displayed in the figure, Rabi oscilla-
tions have been initiated with an intense electrical
field pulse. Variants of superconducting qubits have
also been implemented that are intermediate between
the charge and flux qubit. While the readout is done
on a single system, it represents an average over a
large number of pulse cycles. The measured quan-
tity was therefore the probe current, not the number
of electrons. It is proportional to the probability of
finding the qubit in the upper state. The oscillation
period is given by the tunnel splitting, which can be
tuned with the flux φ through the loop that includes
the two tunnel junctions between the reservoir and
the box. It agrees with the splitting that was mea-
sured by microwave spectroscopy. At larger offsets,
the cycle Rabi frequency increases, but the oscillation
amplitude decreases. To reduce noise, the experiment
was performed at a temperature of 30 mK in a dilution
refrigerator.
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N. Semiconductor qubits

FIG. V.24: Two coupled quantum dots as qubits; top:
schematic representation; bottom: transmission electron
micrograph; height of dots is 1-2 nm, dot sepration 4 nm,
dot radius 8-12 nm.

Semiconductor qubits are still at a very early stage
[58, 59], since no reports of coherent control have been
published yet. Most suggestions on the use of semicon-
ductors start with quantum dots, i.e. semiconductor
structures whose dimensions are of the order of 5-50
nm in all three dimensions.
One way of building such structures is by depositing a
semiconductor material on a substrate with a different
lattice constant. The usual example is the growth of
InAs on a substrate of GaAs. The difference in lattice
constant implies that the material grown on top is
significantly strained. The elastic energy associated
with this strain can be minimized if the layer grows
not as a film, but assembles into islands; this process
is called Stranski-Krastanow growth.
Stopping the growth process at the right moment
leaves an assembly of mesa-like structures behind,
whose dimensions can be adjusted to match the range
where quantum confinement effects are significant. If
additional layers of GaAs and InAs are grown over
the quantum dots, the dots in the second layer tend
to align with the existing dots. One has therefore a
good chance to obtain coupled dots, as in the example
shown in the figure.
In this example, two qubits are encoded by correlated
electron-hole states in two qubits that are separated
by 4-8 nm. The two qubits are represented by an
electron and a hole. They can be located in either of

the two quantum dots. The tunnel effect couples these
two localized states into symmetric and antisymmetric
linear combinations, which may be used as the logical
states of the qubits.
Measurements on single quantum systems are rather
straightforward, since the photoemission by quan-
tum dots is rather high. However, the readout must
be state-selective, and readout of the result depends
therefore on the implementation chosen.

FIG. V.25: The logical state of two qubits is encoded in
the photoemission wavelength. In this example, only three
of the four states are visible.

Since the different states have different energies, they
can be distinguished by the photoemission wave-
length. Only three of the four states are visible in
this example.
While this scheme provides a relatively easy and re-
liable readout, it is clearly not a scalable readout
scheme, since the number of resonance lines increases
exponentially with the number of qubits. Further-
more, the readout is achieved for single dots, but it is
not a single-instance readout: only a small number of
the electron-hole pairs recombine such that photons
are created and picked up by the detection system.
Overall a large number of absorption-emission events
must occur until a significant signal is detected.
Separation between different quantum dots must be
of the order of the optical wavelength to allow one to
distinguish between different qubits by far field op-
tics. A larger number of qubits, which corresponds
to a sizeable quantum register would therefore have
inter-qubit separations that are too large for signifi-
cant couplings.
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VI. QUANTUM GAMES (BY KAVITA
DORAI)

Quantum version of the prisoner’s dilemma. Idea by
Eisert et al., PRL 83,3077(1999), experimental imple-
mentation using NMR with two protons in cytosine by
Du et al., PRL 88,137902(2002).
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